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ABSTRACT

Static GPS observations collected in a session can be processed in either of two modes.
One mode requires that all observations are processed simuitaneously in a multi-baseline
procedure which determines the R-1 independent baselines (R is the number of receivers
involved in this session). In this mode the remaining trivial baselines are derived from the
independent ones. The other moge involves the processing of single baselines. There are a
total of R(R-1)/2 possible baselines, some of which may no longer be linearly dependent due
to neglect of the between-baseline correlation and the fact that the data may not be collected
simultaneously at all receivers. Most commercial GPS processing software are only capable
of single baseline processing. Hence, many analysts still select a set of R-1 independent
baselines for input into the subsequent network adjustment. However, different coordinate
results are likely for different selections of the independent baselines. Some analysts suggest
that all baselines should be selected and that their co-factor matrices be scaled by some
quantity, such as factor R/2. To date no expression for the unit weight standard deviation for
such a session adjustment has been derived. In this paper, the authors give a derivation why
co-factor matrices should be scaled by R/2 and a formula for the computation of the unit
weight standard deviation, and discuss the conditions under which it is applicable. In
addition, the algorithm is extended to consider between-epoch correlations in the
observations. Numerical results are presented to support the conclusions.
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1. INTRODUCTION

GPS surveys can be considered to involve two steps. The first step is the single session
adjustment of simultaneous observations made by a number of receivers to determine the
baseline vectors. The second step is a network adjustment procedure to determine station
coordinates using the baseline vector information derived in the first step as input data. Static
GPS data collected in a session can be processed in one of two modes. One mode involves the
simultaneous processing of all observations in a so- called "miulti-baseline determination" of
the R-1 independent baselines (the remaining trivial baselines can be derived from the
independent ones). Any set of R-1 independent baselines can then be selected for input into
the network adjustment and the same results will be obtained. These days only scientific GPS
software used for very precise geodetic applications employ the multi-baseline processing
strategy. The other mode is used by commercial GPS processing software and involves the
reduction of data from a single pair of receivers. In a session involving R receivers, there are
R(R-1)/2 possible baselines. The selection of baselines in a session is therefore a practical

problem in GPS surveying.

Although single baseline processing or multi-baseline processing give the same baseline
vectors for an exactly simultaneous session (i.e. all receivers commencing and stopping data
collection at the same time), and hence the loop misclosure is zero (see eqn (24) in this
paper), the covariance matrix is not the same due to the omission of the between-baseline
correlation when data is processed in the single baseline mode. In general, different receivers
in a session will not collect exactly simultaneous data, hence loop closure tests on baselines
determined with different spans of data will not be zero, Many analysts suggest that a set of R-
1 independent baselines should be selected for input to the network adjustment, and the
remainder be discarded. A consequence of this is that the outcome of a network adjustment
depends on which set of R-1 baseline vectors has been chosen, and hence the solution is no
longer unique. Other analysts suggest that all baselines (independent and trivial) should be
selected. However, network adjustment using all session baselines will distort the formal
accuracies by artificially increasing the redundancy in the model, resulting in overly
optimistic variance-covariance (VCV) matrices. Beutler et al. (1987), Beck et al. (1989),
Hollmann et al. (1990) show that there is little difference in the network coordinate values
when correlations are ignored, or whether all baseline combinations are used. On the other

hand, Vincenty (1987), Craymer et al. (1990, 1992) and Jivall (1992) claim that incorporating
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all possible baseline solutions with the co-factor matrices scaled by R/2, is mathematically
equivalent to a multi-baseline session adjustment under certain conditions, if the constant unit
weight variance is assumed the same for possible baselines. But the a posteriori unit weight
variances for all these baselines are not the same. A more rigorous method of determining

these variances is needed.

In this paper, the authors first present a derivation why co-factor matrices should be scaled by
R/2, and the conditions of its applicability, and extend the conclusions for bascline results that
consider the between-epoch correlations in the observations. A formula for the unit weight

standard deviation is then derived. Numerical results are presented to support the conclusions.

2. MULTI-BASELINE DETERMINATION

If multi-baseline processing software is used to determine the session baselines, the selection
of the simultaneous baselines for network adjustment is straightforward. However commercial
GPS processing software can only process data in a single baseline mode. In order to derive a
procedure for selecting independent baselines in a session, it is necessary to first review the

mathematical basis of the multi-baseline procedure.

Denote the variance-covariance matrix of the n-dimensional vector ¢° as Cs, where r

identifies the receiver, s identifies the satellite and n is the number of epochs. (It should be
noted that C, can include the between-epoch physical correlations.) The observation vector

for receiver r can be formed as:

o1
¢, =| o)
¢S

where S is the total number of satellites. If the between-satellite physical correlations are

neglected, its variance-covariance matrix is:

Cy, =55 ®C, | @
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Where L g is the SxS unit matrix, and ® is the Kronecker product which is defined as:
Anxn @B =@ j B)paxnk> Where A, =(a;;)mxn. The between-satellite difference

operator using satellite 1 as the reference or base satellite can be defined as:

110 0
101 - 0

Am=l . . .. &
10 0 .. -

The difference operator for S satellites, with satellite 1 as the reference satellite, can therefore

be written as:
Dy =Ag®1 @

where I, is the nxn unit matrix and n is the number of epochs. The single difference

between-satellite observation vector for receiver r is:

97 — o1 .
V¢r = : =DS¢r (5)
o7 —¢r

The variance-covariance matrix therefore is:

Cyy, =DsCy D5 =(AsA5)®C, =C ®)

Here C is a newly defined quantity. Define the single difference observation vector for all

receivers as:

Vi,
Vo=| : @)
Vér

and its variance-covariance matrix:
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Cv¢l 0 A 0
0 C

Cop=| : 1" o |=le®AsA)8C, =Lg OC ®
0 0 - Cyp

where R is the total number of receivers. The between-receiver difference operator is:
Dp = Ag ®lg,s ®1, ®

Ag has the same structure as A, (eqn (3)). The double difference observation vector can be

formed with receiver 1 fixed as the reference or base receiver:
'AV¢1,2 Vi, — Vo,

AV=| i = : =D Vé (10)
AV<t’1,R V¢R - Vd)l

The a priori variance-covariance matrix therefore is:

Cavy =DxCysDE = (AxAR)®C an

For multi-baseline processing, the observation equation system can be written as:

V.7 [A, 0 - 0 T78X,] [AVh,, - AV
Y:i - 0 At3 0 8):(3 _ Av¢l,3 _‘Av‘t’%c (12)
Vi 0 0 -« Ap|8Xg| |AVH g —AVHSH

In order to derive the relation between results of multi-baseline and those of single baseline
processing, it is assumed that A, = A, =---=Ay = A which is a valid approximation of the
design matrix at the 0.1% level for 2Q km baselines. An iterative process will ensure 83X is at
the submetre level and hence the above approximation will cause the coordinates to only have
biases at the submillimetre level, for 20km baselines. The following results can be obtained

using the above approximation:

8X, =(ATCTA)TATCT (AVY,, - AVHE®) (13)
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Qx = (AgAR)®(ATCA)™ (14)
\Z
T-1 T T T T\l g a1 V3 1
ViCiV=[Vi Vi - Vi]iapah)tec) =20 (15)
\
where
R R R
Q=RY (VTC'V)-Y Y vicly, (16)
i—2 i=2 j=2
and the unit weight variance is computed by:
Tl
“a \' CAWV an

Cp=———
© (R-DI(S-DHn-3]
3. SINGLE BASELINE DETERMINATION

For single baseline processing, every baseline can be computed using double differenced
observation data, while the correlation between double differenced observations for different
baselines are neglected. For every double differenced observation vector for a pair of GPS
receivers, the following observation equation can be written if the position of receiver i is
fixed:

Vi =ABX; - (AVY; ;- Av¢§3‘° (18)

where i=1, 2, ..., R-1 and j=i+1, i+2, ..., R; 8Xi,j is the estimated correction value of the

position of receiver j when the position of receiver i is fixed. Its a priori variance-covariance

matrix should be (note that the between-satellite correlation is accounted for):

Cavp,, =2AsAT)®C, =2C 19)

The baseline results can be obtained as follows:
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8X;; =(AJCA;)TATCTH AV, ; - AVHE°) (20
Qx,, =2(AJC'A;)™ @1
VECabe, Vi =3 VECY, @
&, - ViiCava,, Vii 23)
S-Hn-3
Making the same assumption A, =A, =--.= Ay = A, for exactly simultancous data in a

session, it can be proven that:

8X; j =8X,;-8X,; 24)

Vij=Vii—Vii (25)

4. NETWORK ADJUSTMENT
4.1 Selection of the Simultaneous Baselines

If all baselines are selected in a session network adjustment, the observation equation system

can be written as follows (from eqn (24)):

X =B8X,. (26)

where

83X,
38X, 3
3X14
83X, 5
83X, 4
-8X3v4 ..

8X.. (27a)
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I 0 0 1 0 O
0 I 0 0 1 0
po|0 0 X0 0 1| )
-1 1 0o |-1 1 0
-I 0 I -1 0 1
0 -1 1] |0 -1 1]
8X1,2
8X,, =| 85X, 27¢)
X 4
and weight matrix:
CY =diaglQx, Qx, Q%, Qi Q@ Q] @

for R=4; 1 is the 3x3 unit matrix. For any number of receivers (R), a similar form to eqn (27)

can be obtained. The Least Squares estimate for the session network adjustment is obtained:

8X,
8X
8%, =| .’ 28)
Xy
from eqns (13) and (20), and
Tr-lpy-l _ 2 Tyey(AT—14Ty-1 _ 2
Qx, =(B'CxB) =E(ARAR)®(A CTA%) =EQx 29

from eqns (14), (21) and (26). On the other hand, the residual vectors will have the following

relations:
Via| [V,
Vis |V 30)
Vir] [W&

58




8. Han & C. Rizos: Selection and Scaling of Simultaneous Baselines for GPS Network Adjustment

R—IRT_l lRT—l R-1 R Tt
2 2 ViCa Vig = 5| ZVTCV+ X D (V- WICT(V - V)| 6D
=2

i=1 j=i+l i=2 j=i+l

from eqgns (22), (25) and (30) , and then

E iVTC"l v, =20=2vicgly (2)
Lo Lo Vi Vi T T AV .
i=1 j=i+l
R, ) P
ol = a2, (33)
° RR-1) i=l j=i+l .

from eqns (15), (16), (17) and (23). Therefore, we can see that the unit weight variance for a
multi-baseline determination is the mearn value of the unit weight variances of all the

baselines in a session (eqn (33)).

Hence, if the session adjustment is carried out using co-factor matrices scaled by R/2, the
baseline results, the resultant co-factor matrix and the mean value of the unit weight variances

is the same as that obtained from multi-baseline processing.

4.2 Standardization of the Variance-Covariance Matrix

Although equivalent results can be obtained by scaling the co-factor matrices by R/2 and re-
computing the unit weight variance as described above, there are still problems. It is well
known that the VCV matrix output by baseline processing software is overly optimistic,
mainly due to the fact that between-epoch correlations are neglected (Han & Rizos, 1995; El-
Rabbany, 1994; Hollmann et al:, 1990; Vincenty, 1987). At present no commercial GPS
processing software considers these correlations. Han & Rizos (1995) describe a procedure for
standardizing the variance-covariance matrix, by scaling the co-factor matrix by a quantity
that is a function of the correlation coefficient between the neighboring epochs of data and the
number of epochs, and recomputing the unit weight variance using residual information
output by commercial GPS processing software (IBID, 1995):

Qx=a-Qy Go
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&§=9 : 35)

T
where

- nd+f) (36)
n(1-f)+2f
1 n-1 R . (A R

Q= 3 (V7 -0 )5 (% - 5, )] €0
- i=1

and n is the number of epochs; here r is the degree of freedom; f is the correlation coefficient
between neighboring observation epochs (Han & Rizos, 1995; El-Rabbany, 1994). \71 is the
residual vector at epoch i from observation processing that meglects the between-epoch
correlations. This procedure is suitable for both single baseline processing and multi-baseline
processing. o is independent of the number of simultancous baselines. In the exactly
simultaneous case, o is the same for both single baseline processing and multi-baseline

processing.

Any model of the physical correlations within a set of single differenced observations for a
pair of satellites between epochs can be considered in the a priori VCV matrix Cy. If an
appropriate exponential covariance function is suggested, the scale factor o can be applied to
both sides of equation (29), and equations (35) and (37) can be used to compute the unit
weight variance, hence maintaining the relationship in equation (33). Note that the smaller
the data sample interval, the better approximation the equation (37) relation becomes.
Normally, the data sample interval for GPS (rapid) static positioning is less than 1 minute and
equation (37) will be a very good approximation.

4.3 Network Adjustment Procedures
Based on the above derivations, the following procedure for network adjustment is suggested:

(1) All possible combinations among receivers should be processed as baseline solutions,

using exactly simultaneous data. Although the trivial baselines can be determined from
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the independent baseline solutions by taking appropriate linear combinations, the
variance-covariance information is incorrect due to the omission of the correlations

between baselines.

(2) All co-factor matrices of baseline solutions in a session should be scaled by R/2 and o.
The unit weight variances should be re-computed using equation (37) and the mean
value of the re-computed unit weight variances for the baselines in a session should be
considered as the unit weight variance for all baselines in the session. Given the scaled
co-factor matrices and the unit weight variance for the session, the a priori VCV

matrices can be derived.

(3) For the network adjustment, all baselines with their a priori VCV matrices are treated
as baseline vector observations. A Least Squares adjustment can then be carried out
with minimal constraint (i.e. one station held fixed).

To the above procedure, the following comments can be made:

e The above procedure is suitable for exactly simultaneous baselines. If some double
difference data series have outliers, and are deleted during a baseline solution, the data
for the same time interval should be deleted for all other baseline determinations as
well. Although this will make the process more complicated, this ensures that the
results that are obtained are numerically equivalent to the mathematically rigorous
multi-baseline solution. If the data that is not completely simultancous is used, the

above procedure can therefore only be considered approximate.

e Only one point is held fixed in the network adjustment, rather than all available
"known" points, for two reasons. Firstly, this provides a minimally constrained
adjustment that permits the examination of the GPS only results without any distorting
influence from the existing control. Any problems with this solution are therefore due
to GPS, and cannot be attributed to the existing control network. The second reason is
that the VCV for GPS solutions and the existing control may be incompatible. If a
combination of the GPS network and the existing control network is required, the
results of the GPS only network adjustment and the variance-covariance estimation
should be obtained first.
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¢ In order to ensure that the loop misclosure formed by baselines of the same session is
zero, the approximate initial coordinates for each baseline should be derived from one
fixed station's coordinates. This ensures that the same fixed coordinate bias affects all

baseline solutions.

5. NUMERICAL EXAMPLES

Exaétly simultaneous data collected by three GPS receivers during a 10 minute period
(13:55:15-14:05:00) are processed. The three individual baselines are determined using the
single baseline determination mode. If the co-factor matrices are scaled by R/2, but not scaled
by o, the adjustment results using the three baselines with their a priori weight are given in
Table la. x,, y,, z, are the adjusted coordinates of one receiver relative to the fixed receiver
and x,, y,, z, are the adjusted coordinates of the other receiver. The data is also processed
using the multi-baseline mode and the results of a multi-baseline solution are the same as
those in Table 1a to the last digit. This demonstrates that the use of all possible baselines,
with their co-factor matrices and unit weight variances, will simulate a multi-baseline solution
for exactly simultaneous session. However, these results, as is obvious from Table la, are
overly optimistic. Table 1b gives the results obtained from the three baselines using the
suggested network processing procedure (Section 4.3). These are the same as the standardized
results of a multi-baseline solution (to account for the between-epoch correlations), to the last
digit in Table 1b, as is the unit weight variance. The last columns in Tables 1a and 1b are the
a priori unit weight standard deviation determined from equation (33). The results in Table
1b are more realistic (note the accuracy estimation results are not overly optimistic) than the
results in Table la. Note that the unit weight standard deviation is chosen as the standard
deviation of the one-way carrier phase observation (Caspary, 1987, p94).

In order to estimate the impact of GPS data series that is not completely simultaneous,
different observation spans are selected from the data set. A 10% difference in observation
session length was considered. The three baselines are processed separately and the results
listed in Tables 2a, 2b and 2c. Using the suggested network procedure the results of the
network adjustment are given in Table 3. On comparing Table 3 and Table 1b, the baseline
vector differences are less than 0.4mm and the differences in the elements of the co-factor

matrix are less than 5%. The a priori unit weight standard deviation in the last column of
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Table 3, which is the square root of the mean value of the unit weight variances of the three
individual baselines, is the same as the value in Table 1b. The a posteriori unit weight
standard deviation in the network adjustment is 0.6mm, which cannot be considered reliable
due to the low degree of freedom for this adjustment.

Table 1a. Single Baseline Network Adjustment (only scaled by R/2)

X, (m) Qx,__ G, (m)

Xy | -3277.4976 | 0.0352 0.0024

y1 | 2447.6895 | -0.0304 | 0.1410

Z] 674.6098 | -0.0210 | 0.0938 | 0.1467

Xo | -3275.1088 | 0.0176 | -0.0152 | -0.0105 | 0.0352

Yo | -1452.5854 | -0.0152 | 0.0705 | 0.0469 | -0.0304 | 0.1410

Z9 -345.5081 | -0.0104 | 0.0469 | 0.0734 | -0.0210 | 0.0938 | 0.1467

Table 1b. Single Baseline Network Adjustment using
the Suggested Network Procedure (Section 4.3)

X,.(m) Qx, &, (m)

X1 | -3277.4976 | 0.6633 0.0034

=

¥ | -2447.6895 | -0.5722 | 2.6558
Z1 674.6098 | -0.3952 | 1.7672 | 2.7636

X9 | -3275.1088 | 0.3317 | -0.2861 | -0.1976 | 0.6633
y2 | -1452.5854 | -0.2861 | 1.3279 | 0.8835 ] -0.5722 | 2.6557
Zy | -345.5081 | -0.1976 | 0.8837 | 1.3818 { -0.3952 | 1.7673 | 2.7638

Table 2a. Baseline Determination (Stn 1 - Stn 2, Time: 13:55:15-14:04:00 )

Xy, (m) Qx,, 61,(107°m?) o

X -3277.4983 0.0390 14.2640 17.9262

-2447.6886 | -0.0335 0.1563

z 674.6101 | -0.0230 | 0.1034 0.1614
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Table 2b. Baseline Determination (Stn 1 - Stn 3, Time: 13:55:15-14:05:00)

X3 (m) Qx,, 82,a0%m?) |
X -3275.1086 0.0352 8.8718 18.8372
y -1452.5854 | -0.0304 0.1410
Z -345.5081 -0.0210 0.0938 0.1467

Table 2c. Baseline Determination (Stn 2 - Stn 3, Time: 13:55:15-14:06:00 )

X, 3(m) Qx,, 62,(10°m?) o
X 2.3885 | 0.0321 10.9908 19.6544
y 995.1045 | -0.0278 | 0.1284
z -1020.1177 | -0.0193 | 0.0860 | 0.1347

Table 3. Network Adjustment using the Suggested Network Procedure

X;.(m) Gx,,. &y (m)

Xi | -3277.4980 | 0.6811 0.0034
y1 | -2447.6891 | -0.5864 | 2.7281

Z1 674.6100 | -0.4038 | 1.8102 | 2.8281

x§ -3275.1091 | 0.3490 | -0.3000 { -0.2059 | 0.6640

Yo | -1452.5850 | -0.3000 | 1.3989 | 0.9256 | -0.5727 | 2.6582
Z9 -345.5079 | -0.2059 | 0.9256 | 1.4446 | -0.3955 | 1.7687 | 2.7660

From the numerical results presented above, it has been demonstrated that the suggested
network adjustment procedure for exactly simultancous data will lead to the same results as
using multi-baseline processing software, and the estimated accuracy is much more realistic.
For session data which is not completely simultancous, such as the case of a 10% difference in
the observation session lengths, the loop test misclosures will not be zero. The suggested
procedure can give good approximate results which are unique and ensure that the loop

misclosures are zero.
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6. CONCLUDING REMARKS

Least Squares adjustment requires correct a priori information. The standardized variance-
covariance matrices give realistic descriptions of the GPS baseline accuracies. The
correlations between baselines are generally omitted in commercial GPS processing software.
In order to obtain equivalent results to the mathematically rigorous multi-baseline processing
(in which baseline correlations are considered), all Baselines in a session should be selected
and processed, and the co-factor matrices scaled by R/2 (R is the number of receivers involved
in this session). A unit weight variance which is the mean of all unit weight variances of

simultaneous baselines in a session should then be used.

* The condition to be satisfied by the session data is that the data for all baselines in a session
should be exactly simultaneous. For data which is not completely simultaneous, only
approximate results can be obtained using the suggested procedure. However the results

remove the misclosures of simultaneous.closed loop tests and ensure the network adjustment

results are unique.
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