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ABSTRACT 
 
Carrier phase-based medium-range GPS kinematic 
positioning can potentially provide centimetre 
accuracy trajectories even when the separation 
between the mobile receiver and reference receiver(s) 
is many tens of kilometres.  The development of an 
appropriate error mitigation technique for orbit bias, 
atmospheric delay, multipath, and reliable ambiguity 
resolution algorithms, are essential issues which must 
be addressed in order to realise this potential.  In this 
paper an on-the-fly (OTF) ambiguity resolution 
algorithm, using data from multiple reference stations, 

for medium-range kinematic positioning (<100km), is 
proposed.  This technique is based on a linear 
combination functional model, formed from the single-
differenced functional equation for baselines from the 
mobile receiver to three or more reference receivers.  
The orbit bias and ionospheric delay can be 
eliminated, and, in addition, the tropospheric delay, 
multipath and observation noise can be significantly 
reduced.  As a result, the ambiguity resolution 
technique that can be employed for medium-range 
GPS kinematic positioning is similar to that used for 
the short-range case.  Furthermore, an integrated OTF 
method, with improvements to the real-time stochastic 
model, new criteria to verify the correct ambiguity set 
and a fault detection and adaptive procedure, is 
suggested for use with the proposed observation model 
so that the integer ambiguity can be derived using a 
single epoch of data, that is, instantaneously.  In order 
to effectively account for the ionospheric delay, this 
technique requires that the reference stations be 
located such that they surround the survey area and 
that the mobile receiver is less than 100km from the 
nearest reference station.  To implement the 
instantaneous ambiguity resolution algorithm, new 
generation GPS receivers such as the Ashtech Z12, 
Leica SR399, Trimble 4000SSi, NovAtel Millennium, 
etc., are required. 
 
Kinematic tests have been carried out in Sydney, 
Australia, with separations from the nearest reference 
stations greater than 30km.  The carrier phase 
ambiguities can be resolved for every epoch and the 
success rate (correct identification of the integer 
ambiguities) was 100%.  This technique is well suited 
to real-time precise GPS kinematic positioning.   
 
INTRODUCTION  
 
On-the-fly ambiguity resolution for short-range 
kinematic positioning assumes that the orbit bias and 
differential ionospheric delay can be ignored, and the 
integer ambiguities can be resolved easily (Han, 
1997a).  For medium-range or long-range static 
positioning, the widelane integer ambiguities can be 
resolved if precise pseudo-ranges on L1 and L2 are 
available.  Then the ionosphere-free combination can 
be used to resolve the integer ambiguity with 
wavelength 10.7 cm.  Using dual-frequency data 



   

sessions of half to one hour in length, with no cycle 
slips, the integer ambiguities can be resolved (Blewitt, 
1989; Dong & Bock, 1989; Han, 1997b).  For long-
range kinematic positioning, however, much longer 
observation spans with no cycle slips will be needed, 
something which is very difficult in practice (if not 
impossible) to achieve.  Furthermore, this algorithm 
requires precise ephemeris information, and therefore 
cannot be used for real-time applications.  The 
ambiguity recovery technique was proposed by Han 
(1995), which is successfully used in long-range 
kinematic positioning.  However it indeed requires 
some form of integer ambiguity initialisation. 
 
The remaining biases after the double-differencing 
procedure have been investigated in the last few years. 
It was shown that using more than three reference 
stations with known coordinates, the orbit bias can be 
eliminated for medium-range applications (less than 
100 km to the nearest reference station) through the 
use of a linear combinations of single-differenced 
observations (Han & Rizos, 1996; Wu, 1994).  The 
ionospheric delay relative to one reference station can 
also be interpolated if the relative ionospheric delay 
for three or more reference stations are known (Han & 
Rizos, 1996; Wanninger, 1995; Webster &  Kleusberg, 
1992).  Although the bias modelling using multiple 
reference stations has been developed for pseudo-
range based system such as WADGPS (Kee, 1996), 
the accuracy is not good enough for ambiguity 
resolution.  Even when this  concept is used for carrier 
phase-based systems as suggested by WŸbbena et al. 
(1996), the accuracy of the corrected observations will 
be degraded.  In this paper, a linear combination 
method has been used to account for orbit bias and 
ionospheric delay.  The tropospheric delay, multipath, 
and observation noise will also be mitigated using this 
method.  After the distance-dependent biases are 
eliminated or mitigated, an integrated method 
incorporating a three-step quality control procedure is 
used, which has been succesfully used for short-range 
GPS kinematic positioning (Han, 1997a).  
Experimental results will demonstrate the utility of the 
proposed procedure. 
 
LINEAR COMBINATION MODEL AND ERROR 
ANALYSIS  
 
From the earlier analysis of the nature of the orbit bias 
and its effect on baseline results, it was concluded that 
the reference stations should be placed outside the 
survey area (Han & Rizos, 1996; Wu, 1994).  
However, for the interpolation of the ionospheric 
delay, the reference stations should be as close as 
possible.  Figure 1 shows a three reference station 
network with one roving receiver.  (  denotes the 
reference stations and  denotes a roving receiver.)  It is 
preferable that one of the reference stations is 
connected to the IGS network in order to obtain 
precise positions in the global ITRF frame.  Data 
processing for the reference stations is necessary in 
order to determine the double-differenced integer 
ambiguities between them.  The methods are described 

in Blewitt (1989), Dong & Bock (1989), Chen (1994) 
and Han (1997b).  
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Figure 1. Configuration of the reference stations and 
the roving station 

 
Linear Combination Model 
 
The single-differenced carrier phase observation can 
be written (Han, 1997b): 
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where () () ()! " = " # "i u i ; i indicates the reference 

station i, and u the user station; ! : the carrier phase 

observation in unit of metres; ! : = !X Xs , X s  is 

the satellite position vector, X is the station position 
vector; d! : the effect of ephemeris errors, 
including S/A effects; dT : the receiver clock error 
with respect to GPS time; dion : the ionospheric delay; 

dtrop : the tropospheric delay; dmp
! : the multipath on 

the carrier phase; ! " : the carrier phase observation 

noise; ! : the wavelength of the carrier phase; N :  the 
integer ambiguity; and, c: the speed of light. 
 
A set of parameters ! i  can be determined, based on 
the conditions given in Han & Rizos (1996): 
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where 

!
Xu  and 

!
Xi   (i=1,2,3) are the position vector (x 

is the North component and y the East component) in 
the Gauss plane coordinate system. If the original 
point is set up at the reference station 3 in order to 
simplify the derivation, equation (3) can be 
represented as:  
 ! ! !
X X Xu ! " ! " =# #1 1 2 2 0 (4) 



   

 
and then ! 1  and ! 2  can be computed as: 
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The linear combination of the single-differenced 
observations can be formed as: 
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Orbit bias elimination  
 
The orbit bias term can be easily seen to be (Han, 
1997b):  
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The remaining error comes from the height 
component.  If the orbit bias is assumed to be 20 m, 
the height of the receiver above the ellipsiod is 1000 
m, the effect due to this term is less than 1.8 mm for an 
area of 200 200!  km2  extent.  For most cases this 
effect can be ignored (ibid, 1997b).  
 
Ionospheric delay elimination  
 
The ionospheric delay term can be deduced as: 
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The epoch-by-epoch and satellite-by-satellite 
ionospheric model can be applied to estimate the 
single-differenced ionospheric delay relative to 
reference receiver 3 from equation (A-14): 
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Therefore, the ionospheric delay term in the linear 
combined model (6) is zero, from equations (5, 8, 9). 
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This means the ionospheric delay is significantly 
reduced in the linear combination model.  When the 
distance between the reference stations increases, the 
remaining error will become larger due to the 
ionospheric delay interpolation and the approximation 
made in the derivation given in the Appendix.  
However, within an area of 200x200km2 extent, the 
epoch-by-epoch and satellite-by-satellite ionospheric 
model is considered as an efficient model and the 
approximation made in Appendix can be justified.  
  
Tropospheric delay 
 
The tropospheric delay should be corrected using a 
tropospheric delay model such as the Hopfield model.  
The residual part of the tropospheric delay is denoted 
by dtrop .  In a similar manner to the ionospheric delay, 

the residual part of the tropospheric delay can be 
expressed as: 
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If it can be assumed that the residual tropospheric 
delay can be interpolated from the residual 
tropospheric delay at the reference stations, the 
residual tropospheric delay should be close to zero.  
The problem is that the residual tropospheric delay is 
mostly contributed to by the wet component of the 
troposphere, which shows strong variation with height, 
time and location. From the spatial distribution of 
water vapour over Ireland (25-28 April, 1995), 
described by Dodson & Shardlow (1995), a strong 
spatial correlation still exists and a linear interpolation 
procedure can be used to predict the wet vapour over 
an area with 100km radius with reasonable accuracy.  

Therefore, the term ! i trop i
i

d"
=
# $ ,

1

3

 should be 

mitigated to some extent.       
 
Multipath mitigation  
 
The multipath term can be rewritten as: 
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equation (12) is the weighted mean value of the 
multipath values at the three reference stations for this 
satellite.  Due to the random nature of multipath at the 
different stations, the weighted mean value will be 
significantly reduced if all ! i  (i=1,2,3) are positive 

and less than 1, although the weight ! i  is not derived 
from its standard deviation.  On the other hand, the 
multipath at the roving station will become a high 



   

frequency bias, and mostly will be close to random 
noise (Zhang & Schwarz, 1996).  Therefore, the 
multipath term has been significantly reduced and will 
be ignored in the functional model.  The residual part 
of the multipath can be accounted for in the stochastic 
model.  
 
Observation noise  
 
The standard deviation of the one-way carrier phase 
observation can be approximated as a function of the 
elevation angle.  Because all stations are located 
within a region of  about 100km radius, the elevation 
of a satellite is approximately the same.  The standard 
deviation of the one-way carrier phase observation can 
also be approximated as ! j  and then the standard 
deviation of the linear combination of single-
differenced observations !

" #i i
i

$%
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Comparing the standard deviation of the single-
differenced carrier phase observation 2 !" j , the 
standard deviation will become smaller if the roving 
station is located within the triangle formed by the 
reference stations (Han, 1997b). 
 
The single-differenced carrier phase observation 
functional model can be simplified as: 
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The single-differenced pseudo-range can be derived in 
a similar way: 
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FUNCTIONAL MODEL FOR MEDIUM -RANGE 
GPS KINEMATIC POSITIONING  
 
Consider the relation: 
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Equation (14) can be written as: 
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The double-differenced observation model can be 
written as: 
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Define the residual vectors: 
 
V N1 3 1 3 1 3 1 3, , , ,= !" # !" # !"$ %  (19) 

 
V N2 3 2 3 2 3 2 3, , , ,= !" # !" # !"$ %  (20) 

 
The double-differenced observation model can then be 
written as: 
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The data processing techniques applicable for the 
reference stations, and the more dispersed continuous 
GPS stations (e.g. IGS stations) are well known (Dong 
& Bock, 1989; Blewitt, 1989; Chen, 1994).  This data 
processing strategy is implemented in the post-
processed mode, and the precise ephemeris is used.  
The first step in the data processing is the detection 
and repair of cycle slips in the carrier phase data.  The 
procedure for repairing cycle slips is to compute the 
widelane slip at each observation epoch formed by the 
widelane carrier phase and the narrowlane precise 
pseudo-range data, which is also an ionosphere-free 
combination.  Once the wide lane slip is resolved, 
polynomial fitting to the ionospheric combination is 
used to extract the cycle slips in the L1 and L2 carrier 
phase data (e.g. Blewitt, 1990), or by polynomial 
fitting to the carrier phase combination with the 
maximum wavelength (14.65m), and using the even-
odd relationship to decouple the cycle slips on L1 and 
L2 (Han, 1995).  The second step is to resolve the 
integer ambiguities.  Since the baseline lengths are 
typically from tens to hundreds of kilometres (between 
the reference stations and the wider area continuous 
GPS stations), the ambiguity resolution process is not 
trivial, due to the presence of ionospheric and  
tropospheric delays, even though the external station 
coordinates are well known and the precise ephemeris 
is available.  A long observation span (at least one 
hour) will be necessary to determine the integer 
ambiguities, and then the integer ambiguity set should 
remain valid for the whole observation span.  For 
rising satellites, new integer ambiguity parameters will 
have to be estimated, again requiring a sufficiently 
long observation span.  The coordinates of the 



   

reference stations should be derived using the 
ionosphere-free phase combination, and the integer 
ambiguities should be fixed.  Using these positions and 
the known integer ambiguities, the correction vectors 
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,  for the double-differenced 

carrier phase observations and pseudo-ranges on L1 
and L2 can be computed for reference stations 1 and 3.  
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way for reference stations 2 and 3.   
 
For real-time applications, the precise positions should 
be determined in a previous step.  The real-time 
ambiguity recovery technique should be implemented 
to ensure that the integer ambiguities remain known, 
and the correction vectors can then be computed in 
real-time. The correction vectors, together with the 
carrier phase and pseudo-range data at reference 
station 3, can be sent to the roving receiver in real-
time.    
 
In summary, the double-differenced functional model 
for carrier phase observations and pseudo-ranges on 
L1 and L2 can be written as: 
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In order to efficiently remove orbit bias and 
ionospheric delay, and reduce tropospheric delay, the 
distance from roving receiver to the nearest reference 
GPS should be less than 100 km. 
 
GEOMETRIC CORRELATIONS  
 
From the linear combination of the single-differenced 
observation model for satellite j, the standard deviation 
of this combination has been derived in equation (13).  
For the other satellites, similar linear combinations can 
also be formed and they are independent if their spatial 
correlation are ignored: 
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where m is the number of satellites. The double-
difference operator is: 
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for a fixed satellite as reference satellite, or  
 

( )

! =

"

"

"

#

$

%
%
%
%

&

'

(
(
(
(

" )

m

m m

1 1 0 0

0 1 1 0

0 0 0 1
1

!

!

" " " # "

!

 (28) 

 
for sequential satellite differencing.  The variance-
covariance matrix of the double-differenced 
observations can be derived as: 
 
VCV VCV

i i
i

i i
i

m m
T

! " ! "#$%& #&
= =

= $ # #$
1

3

1

3
%

 (29) 

 
If the variance-covariance matrix for one reference 
station can be formed as VCV
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, the variance-
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EXPERIMENTS  
  
The quality control issues relating to instantaneous 
ambiguity resolution for short-range GPS kinematic 
positioning have been extensively studied in Han 
(1997a).  The same procedure will be used in medium-
range GPS kinematic positioning, which is applied to 
the functional model using multiple reference stations 
to eliminate or mitigate the biases due to orbit errors, 
ionosphere, troposphere, and multipath. 
 
The experiment was carried out on 14 December, 
1996, using four Ashtech Z12 GPS receivers.  A 
permanent GPS station, on the Mather Pillar, on the 
roof of the Geography & Surveying Building, at The 
University of New South Wales, was selected as one 
of the reference stations.  The other two reference 
stations were located at Stanwell Park, to the south of 
Sydney, and at Springwood, to the west of Sydney.  
The roving receiver was mounted on a car and the 
experiment started at the side of the M3 Freeway, 
31.44km, 34.11km and 46.5km distant from the 
Mather Pillar receiver, Springwood receiver and 
Stanwell Park receiver, respectively.  After about 15 
minutes of static occupation (although only the data 



   

from the last one minute was used because there were 
not enough visible satellites during the other 14 
minutes), the roving receiver started to move along the 
M3 Freeway, and then back to nearly the same point as 
the start point, with a further 15 minutes of static 
occupation.  The data rate was 1 Hz and a total of 1903  
epochs were used.  The locations of the reference 
stations and the trajectory of the roving receiver are 
plotted in Figures 2a and 2b.  The skyplot of the 
observed satellites is shown in Figure 3a.  The number 
of observed satellites is plotted in Figure 3b.   
 
The Mather Pillar reference station is equipped with a 
permanent Ashtech Z-12 GPS receiver, managed by 
the Australian Surveying and Land Information Group 
as part of their AUSNAV network with accurate 
coordinates.  The coordinates of the other two 
reference stations, Springwood and Stanwell Park, 
were determined using the traditional long-range static 
positioning procedure (Han, 1997b), and are 
referenced to the known coordinates of the Mather 
Pillar.  After the integer ambiguities for the L1 and L2 
carrier phase observations are resolved, the ambiguity-
fixed solution is determined using the ionosphere-free 
phase combination and the IGS precise ephemeris 
(extracted from web site: Òigscb.jpl.nasa.govÓ).  As a 
result, the locations of the reference stations can be 
considered as known. 
 
Assume that the Mather Pillar is reference station 3, 
and Springwood and Stanwell Park are reference 
stations 1 and 2, respectively.  The correction terms 
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equations 22 & 23 for the L1 and L2 carrier phase 
observations are plotted in Figures 4a, 4b, 4c, 4d and 
4e, for satellite PRNs 4, 5, 9, 10, 30 (PRN 24 is the 
reference satellite).  In a similar way, the correction 
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can also be determined. 
 

 
Figure 2a. Configuration of the reference GPS stations 

and the roving GPS receiver trajectory 
 

Figure 2b. Trajectory of the roving GPS receiver 
 
 

 
Figure 3a. Skyplot for site Mather Pillar  

 

 
Figure 3b. Number of satellites observed 

Figure 4a. The corrections for double-differenced 
carrier phase observations for sat. pair PRNs 24 & 4 

 



   

Figure 4b. The corrections for double-differenced 
carrier phase observations for sat. pair PRNs 24 & 5 

 

Figure 4c. The corrections for double-differenced 
carrier phase observations for sat. pair PRNs 24 & 9 

Figure 4d. The corrections for double-differenced 
carrier phase observations for sat. pair PRNs 24 & 10 

 

Figure 4e. The corrections for double-differenced 
carrier phase observations for sat. pair PRNs 24 & 30 

 
 
There are three improvements within the integrated 
method: (1) new criteria to validate the integer 
ambiguity set, (2) a real-time stochastic model, and (3) 
an adaptive procedure (Han, 1997a; 1997b).  The 
results have been separated to illustrate the 
improvements from applying these three steps.  Firstly, 
the integrated method with step (1) is used, and the 
results are presented in Row 2 of Table 1. Then, the 
integrated method with steps (1) and (2) is used and 
the results are presented in Row 3 of Table 1.   Finally, 
the integrated method with all three steps is used and 
the results are presented in Row 4 of Table 1.  The 
adaptive procedure (step (3)) requires the elimination 
of  satellites from the solution.  The number of 
satellites used is plotted in Figure 5, and should be 
compared with the original set of observed satellites in 
Figure 3b.  The last column in Table 1 gives the mean 
computation time for one epoch processing using a 
486 DX4-100MHz (from input of the raw observation 
data to the final positioning results, excluding the 
computation of the correction sequences illustrated in 
Figures 4a to 4e). 
 

 

 
Figure 5. Number of the satellites used for ambiguity 

resolution 
 

Independent verification of the successful ambiguity 
resolution is difficult to obtain for this experiment.  
The orginal design of the experiment called for the use 
of two receivers on the car, and the constant distance 
between the two antennas could be used to verify the  
results.  However, due to a problem with the portable 
PC computer, the NovAtel Millennium receiver could 
not be used.  In addition, there  were  not  enough  
GPS 

Table 1.  Instantaneous ambiguity resolution for medium-range kinematic positioning 
using the integrated method with three-step improvements 

 Total  Fix Ambiguities  Mean  



   

 Number Correct Wrong Reject time (ms) 
Integrated method with (1) 1903 1840 0 63 62 
Integrated method with (1, 2) 1903 1849 0 54 63 
Integrated method with (1, 2, 3) 1903 1903 0 0 71 

 
 
receivers to allow for an extra set up at a site close to 
the roving receiver, which would have provided a 
short-range solution.  Fortunately there are four 
satellites (PRNs 4, 5, 9 and 24) tracked during the 
whole observation session and the continuity of the 
resolved ambiguities for these four satellites can be 
used to verify the results.  Cycle slips indeed occur on 
the signals from the other two satellites (PRNs 10 and 
30).  The following two verification tests have been 
applied: 
 
 
(1). As is well known, the Total Electron Content 
(TEC) of the signal path through the ionosphere has a 
very strong correlation in space and time.  The TEC 
value for neighbouring epochs should therefore be 
very close and this information will be considered as 
the basis for a global test.  The difference between the 
double-differenced ionospheric delay on L1 and L2 
carrier phase observations is defined as ! ion , which 
can be represented as follows, with known integer 
ambiguities: 
 
! !" !" !" !"ion L L L LN N= # # +$ % $ % $ $1 1 2 2 1 1 2 2   (31) 
 
If the integer ambiguities are resolved correctly, the 
! ion  sequence should change smoothly.  Otherwise, a 
jump will occur due to a wrong ambiguity resolution.  
The jump can be found using the difference !" ion , 
between the !

ion
 value at the current epoch and at the 

previous epoch.  If the wrong ambiguity resolution at 
the current epoch occurs, !"

ion
 can be represented as: 

 
! " ! " !# # #ion L LN N= $ % + %1 1 2 2 (32) 
 
where ! " # NL1 and ! " # NL2  are the magnitudes of the 
integer biases caused by wrong ambiguity resolution.  
Note that !" ion  is not affected by cycle slips.  If the 
instantaneous ambiguity resolution is correct at the 
current epoch and the previous epoch, !" ion  will be 
small, even though cycle slips occurred between these 
two epochs. If the integer biases of the resolved 
ambiguities are assumed to be within ±20 cycles and 
the criteria 
 

!" ion < 5 0. cm (33) 
 
is used for fault detection, the integer biases which 
cannot be discriminated are listed in Table 2.  
Obviously, if ambiguity resolution is correct, equation 
(33) will be satisfied.  However if eqn (33) is satisfied, 
the ambiguity resolution cannot be assured as being 
correct.  Therefore, the TEC test is a necessary 

condition, but not a  sufficient condition.  The critical 
value is selected as 5 cm for the experiments described 
in this paper.  If the critical value is selected too large, 
the more ambiguity biases will not be found.  If the 
critical value is selected too small, the ionospheric 
change will possibly be considered as the ambiguity 
biases.  The magnitude of ionospheric change between 
epochs depends on the sampling rate.  Figures 6a and 
6b illustrate the ! ion  and ! " ion  sequences between 
epochs.  The changes are less than 2.5 cm.  This means 
that there are no integer biases ! " # NL1 and ! " # NL2  
caused by wrong ambiguity resolution, except for 
several particular sets of integer biases given in Table 
2. 

 
Table 2. Ambiguity biases causing ! " ion <50.  cm 

! N L1  
(cycle) 

! NL 2  
(cycle) 

! " ion  
(cm) 

( )1
2 1 1 2 2! " ! "#$ #$N NL L+

 (cm)  
± 4 ± 3 ! 2.85 ±  74.69 
± 5 ± 4 ± 2.54 ±  96.42 
± 9 ± 7 ! 0.31 ± 171.11 
± 13 ± 10 ! 3.17 ± 245.80 
± 14 ± 11 ± 2.23 ± 267.52 
± 18 ± 14 ! 0.63 ± 342.21 
± 19 ± 15 ± 4.76 ± 363.94 

 

Figure 6a. ! ion  and ! " ion  sequences for the satellite 
pair PRNs 10 and 24 



   

Figure 6b. ! ion  and ! " ion  sequences for the satellite 
pair PRNs 30 and 24 

 
(2). The residual series of the double-differenced 
carrier phase observations can also be used as the other 
necessary condition for sucessful ambiguity resolution.  
Because the integer ambiguity values for the four 
satellites (PRNs 4, 5, 9, 24) should be correct, if the 
ambiguities for the other two satellites (PRNs 10 and 
30) are biased by the paritcular integer sets given in 
Table 2, the mean value of the L1 and L2 carrier phase 
ranges used for positioning will therefore be biased by 
the values listed in the last column of Table 2.  
Consequently the residuals will be quite large.  The 
residual sequences are plotted in Figures 7a to 7e, and 
the successful results can be verified because the 
residuals are very small for all epochs. 

 
 

 
(a) PRNs 4 and 24 

 
 

 
(b). PRNs 5 and 24 

 
 

 
(c). PRNs 9 and 24 

 
 

 
(d). PRNs 10 and 24 

 
 

 
(e). PRNs 30 and 24 

 
Figure 7. Residuals of the mean values of the corrected 

carrier phase observations on L1 and L2 
 
 
CONCLUDING REMARKS  
 
A linear combination functional model is proposed, 
formed from the single-differenced functional equation 
for baselines from the user roving receiver to three or 
more reference stations.  In the functional model the 
orbit biases and ionospheric delay terms can be 
eliminated and, in addition, the tropospheric delay, 
multipath and the observation noise can be reduced.  
Because the linear ionospheric delay interpolation 
model has been used in the derivation, the separations 
between reference stations should be less than about 
200 km, a distance that is dependent on the 
ionospheric conditions, even though the satellite-by-
satellite and epoch-by-epoch method is used.  The 
roving receiver should be located within the figure 
formed by the reference stations so that the 
coefficients are less than 1, and the multipath and 
observation noise are reduced. 
From the computational point of view, the proposed 
integrated method using pseudo-range and carrier 
phase observations makes instantaneous ambiguity 
resolution possible.  The computation time is 
sufficiently short to support real-time applications.  
With the integrated method, a three-step quality 
control procedure is used to derive reliable results.  
The medium-range experiment described here shows 
that the improvement is also significant, there is a 
100% success rate. 
 
Although in the case of the medium-range experiment 
there were not enough GPS receivers to allow for 
verification, and the observation session is very short 
(one hour for the reference stations and 32 minutes for 
the roving receiver), and the separations between the 
three reference stations are 40.0 km, 65.6 km and 70.7 
km, and the distance from the roving receiver to the 
Mather Pillar reference station ranges from about 31.5 
km to 37.5 km, impressive results were nevertheless 
obtained.  This experiment has demonstrated the 



   

feasibility of the proposed technique for medium-range 
kinematic positioning.  Greater separation between the 
roving receiver and reference stations will be tested in 
the near future. 
 
This algorithm has been designed for real-time 
applications.  Although the data has been post-
processed, all calculations were carried out in a 
simulated real-time processing mode. 
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APPENDIX: IONOSPHERE INTERPOLATION 
USING AN EPOCH-BY-EPOCH AND 
SATELLITE -BY-SATELLITE MODEL  
 
The epoch-by-epoch and satellite-by-satellite 
ionospheric model has been proposed for use as a high 
accuracy ionospheric delay prediction model (Han & 
Rizos, 1996; Wanninger, 1995; Webster & Kleusberg, 
1992).  The ionospheric delay of a user receiver is 
estimated from an interpolation of ionospheric delay 
observations at three or more surrounding reference, 
dual-frequency GPS receivers, using the intersection 
points of the GPS signal paths with an ionospheric 
single-layer model at a height of 350 km.  Actual 
implementation will involve the computation of the 
positions of the intersection points, and the 
transformation from TEC to VEC and from VEC to 
TEC.  Due to the fact that precise TEC can only be 
computed in the double-differenced form, an 
approximation will also be necessary.  For an area of 
approximately 200x200 km2 in extent, the 
computation procedure can be reduced simply to that 
of the interpolation of the single-differenced TEC 
between receivers, or double-differenced TEC based 
on the receiver positions in the Gauss plane coordinate 
system.  This appendix will give the proof. 



   

 
For a satellite with elevation angle E at a reference 
station, the plane containing the satellite, the station 
and the earth's centre will intersect with the earth's 
surface as the line AB.  AB =200 km is selected in 
this case.  Also C and D points can be found to form a 
square.  The intersection points A', B', C' and D' can be 
found by the lines from A, B, C, D to a satellite and 
the ionospheric layer with height H.  Because the area 
is very small compared with the earth's radius, the 
point on the earth within ABCD can be considered to 
lie within the square ABCD.  Any point within the 
square ABCD can be mapped onto the plane A'B'C'D'. 
 

       
Figure A-1. Geometry relation between the coordinate 

systems on the ground and on the ionosphere layer 
 
 
From similar triangles, the following relations can be 
derived: 
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The distance AA'  can be expressed as: 
 

( )sin sin! =
+

" +
R

R H
Ee

e
90  (A-3) 

 

( )
( )AA

R H

E
Ee'

sin
sin=

+

+
! " "

90
90 #  (A-4)  

 
and BB'  can also be expressed as a function of the 
elevation angle (E e s! !" " ) at B.  The maximum 

distance BB' < 1303km if the lowest elevation angle is 
selected as 10 degrees. The maximum value of the 
difference BB AA km' '! < 100  if H=350 km.  
Therefore the relations (A-1) and (A-2) can be 
simplified to:  
 

A D S ADy' ' = !  (A-5) 

 
and  
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Based on the geometry in Figure A-1, the following 
relation can be derived: 
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A similar relation for CD  and C D' '  can be derived: 
 
C D S CD

x
' ' = !  (A-9) 

 
The mapping from plane ABCD to the plane A'B'C'D' 
can be performed through a scaling by 

 and Sy , and then ABCD can be 

translated to the Gauss plane coordinate system, as 
shown in Figure A-2.  x is the North axis and y is the 
East axis.  The coordinate origin is at the point B.  !  is 
the satellite azimuth.   

 
 

 
Figure A-2.  Coordinate Transformation from the 

Gauss plane to ionospheric layer 
  

 
From equations (A-5, A-6, A-8, A-9), the coordinates 
in a Gauss plane coordinate system can be transformed 
to the ionospheric layer coordinate system, and vice 
versa: 
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Assume that B is the reference GPS receiver and the 
other two reference receivers are located at ( )x y1 1,  

and ( )x y2 2,  in the Gauss coordinate system.  The 

transformed coordinates at the ionospheric layer 
coordinate system are ( )x y' , '1 1  and ( )x y' , '2 2 , 

respectively.  The single-differenced ! VEC1 and 

! VEC2  at points 1 and 2 relative to point B can be 
represented by a linear model: 
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where ! x  and ! y  are the change of rate of the VEC at 

the axis x' and y' and can be determined if ! VEC1 and 

! VEC2 are known: 
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For any point (x,y) in the Gauss coordinate system, the 
intersection point at the ionospheric layer is (x',y'), and 
the single-differenced VEC can be interpolated as: 
 

 (A-13) 
 
This means that the single-differenced VEC can be 
obtained by interpolating in the Gauss coordinate 
system, which is equivalent to an interpolation at the 
ionospheric layer. 
 
Furthermore, the maximum difference angle between 

( )sin . cos! 1 0 94792 E  for any point within the area 

ABCD is smaller than 2.2 degrees for a 200 km square 
area.  Therefore, the TEC interpolation formula can be 

derived by multiplying by  
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0 947921cossin . cos! E
:  
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where ! TEC, ! TEC1 and ! TEC2  are the single-
differenced total electron content referenced to station 
B. 
 
Note that the single-differenced TEC interpolation 
function is not dependent on the satellite, and only 
dependent on the GPS receiver positions.  Therefore, 
for any two satellites, the double-differenced TEC can 
be derived from the interpolated single-differenced 
TEC as: 
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Although the single-differenced TEC cannot be 
accurately determined, the double-differenced TEC 
can be determined using dual-frequency carrier phase 
observations with known double-differenced integer 
ambiguities: 
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If there are three reference GPS receivers set up 
around the survey area of interest, and the integer 
ambiguity can be determined relative to one of the 
reference station, the double-differenced TEC 
( !" TEC1, !" TEC2  for the other two stations) can be 
used to interpolate double-differenced TEC at the 
roving receiver.   


