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ABSTRACT  
 
High accuracy real-time GPS-based attitude determination 
requires that integer ambiguities be resolved very quickly 
so that the attitude angles can be output with minimum 
delay.  This paper describes an attitude determination 
algorithm which can resolve integer ambiguities 
instantaneously, relative to one antenna of a multi-antenna 
array configuration.  The carrier phase and pseudo-range 
observations are used with fixed baseline length constraints 
and fibre optic gyro data.  Real-time stochastic model 
improvement using an empirical elevation-dependent 
standard deviation function and an estimated scale factor 

are a feature of this algorithm.  Integer ambiguity search 
using the LAMBDA method, sophisticated validation 
criteria and an adaptive procedure, have also been 
implemented within the software. 
 
An experiment was carried out using four Leica dual-
frequency GPS receivers (but only the L1 carrier phase and 
pseudo-range data were used) and a low-cost fibre optic on 
a car.  The results indicate that integer ambiguities can be 
resolved on a single epoch basis with a 98.9% success 
rate. 
 
 
INTRODUCTION  
 
Attitude determination using GPS carrier phase 
measurements has been intensively investigated over the 
last decade, and applied to different platforms such as 
aircraft, ships and land vehicles, in a variety of operational 
conditions (see for example, Cannon et al., 1994; Cohen, 
1992; Van Grass & Braasch, 1991; Lu, 1995; Feng & 
Kubik, 1996; Kruczynski et al., 1989).  GPS-based 
attitude determination requires two antennas to estimate 
two-dimensional attitude, for example yaw and pitch, and 
three or more antennas to determine the three-dimensional 
attitude angles yaw, pitch and roll.  Commercial systems 
based multi-antennas configurations have been available for 
several years.  Examples are the Ashtech 3DF system and 
the Trimble TANS VECTOR system.  These commercial 
systems integrate four antennas into one self-contained unit 
and operate all the tracking channels under the control of a 
single receiver oscillator.  Theoretically, because a single 
oscillator is used there is an advantage in being able to use 
single-differenced carrier phase observations.  But due to 
the existence of biases between different sets of tracking 
channels a special calibration still has to be carried out 
(Cohen & Parkinson, 1992; Lu et al., 1993), or, 
alternatively, double-differenced observations have to be 
used (Ashtech, 1991). 
 
Two important issues have to be addressed for GPS-based 
attitude determination.  One is the ambiguity resolution 
technique which is used.  This is the key procedure for 
improving the reliability of GPS-based attitude 
determination, and contributes to the time delay for real-
time applications.  The reliability of GPS-based attitude 
determination is therefore largely dependent on the 
reliability of the ambiguity resolution procedure or 



algorithm.  The other issue is multipath disturbance, 
which is a big obstacle to improving the accuracy of GPS-
based attitude or position determination.  For real-time 
applications the length of the observation span required to 
re-initialise the integer ambiguities after the occurrence of 
cycle slips is a critial issue.  Obviously, an ambiguity 
resolution algorithm that can use data for only one epoch 
would be very powerful and significantly improve 
performance.   
 
An instantaneous or single-epoch ambiguity resolution 
algorithm using full-wavelength dual-frequency carrier 
phase and precise pseudo-range observations has been 
developed for short-range (<20km) GPS kinematic 
positioning (Han, 1996).  Although this algorithm can 
also be used for attitude determination, it requires high 
cost dual-frequency GPS receivers.  However, GPS-based 
attitude determination benefits from having some other 
information available.  For example, the baseline length is 
limited to a few tens of metres, which means that the 
atmospheric corrections and reference receiver coordinate 
biases are negligible.  The baseline length can be 
accurately determined, which will provide very important 
constraints for ambiguity resolution and multipath 
mitigation.  In most cases, the orientation can be predicted 
with quite high accuracy, especially for pitch and roll (for 
some applications), which can be used to improve the 
pseudo-range positioning results.  Alternatively, low-cost 
gyro sensor data can be used to aid ambiguity resolution.  
The disadvantage is that the reference receiver is moving 
with the platform.  This can be overcome by using the 
point positioning coordinates from pseudo-range data at 
the reference receiver, and although the biases of pseudo-
range-based point positioning under Selective Availability 
can reach several tens of metres, they can be neglected for 
baselines up to a few tens of metres in length.  By 
combining all this information into an optimally designed 
algorithm, the authors believe that instantaneous 
ambiguity resolution is possible using single-frequency 
GPS receivers. 
 
Instantaneous ambiguity resolution techniques using 
single-frequency GPS receivers have been described.  El-
Mowafy & Schwarz (1994) describe a special design for a 
GPS antenna array optimised for ambiguity resolution, in 
which several antennas are only used for ambiguity 
resolution, without making a contribution to attitude 
determination.  Using all the information provided in the 
attitude determination application, as mentioned above, an 
instantaneous ambiguity resolution procedure using single-
frequency receivers was developed by Euler & Hill (1995). 
 
In this paper, a constrained pseudo-range positioning 
algorithm has been developed to refine the initial 
coordinates to aid the subsequent ambiguity resolution.  
Other refinements include real-time stochastic model 
improvement using an empirical elevation-dependent 
standard deviation function and scale factor estimation, an 
integer ambiguity search procedure using the LAMBDA 
method, sophisticated validation criteria and an adaptive 
procedure.  A least squares estimation procedure has been 
implemented to estimate the attitude parameters, which 

can easily accommodate more antennas and hence the 
attitude result is less effected by multipath from a single 
antenna. 
 
 
COORDINATE SYSTEM DEFINITIONS  
 
The Local-Level Frame 
 
The definition of the local-level frame is as follows: (a) the 
origin is identical to the origin of the body frame to 
eliminate the need to determine the shift vector relating the 
two origins; (b) E is pointing towards the East in the 
plane of the ellipsoidal horizon; (c) N is pointing in the 
North direction of the ellipsoidal meridian in the plane of 
the ellipsoidal horizon, and; (d) U is defined to form a 
right-handed system. 
 
GPS positioning provides the antenna positions in the 
(nominal) WGS-84 datum.  The antenna positions can be 
transformed into the local-level frame defined at the origin 
using the relation: 
 
 r R R u= ! !3 1180 90( ) ( )" #   (1) 
 
where R1 90( )! "  is the rotation matrix about the east axis 
of the local-level frame through an angle ( )! " 90 , !  is the 
geodetic latitude of the local-level frame origin, 
R3 180( )! "  is the rotation matrix about the vertical axis 
of the local-level frame through an angle ( )! "180 , and !  
is the geodetic longitude of the local-level frame origin.  u 
is the position vector in the local-level system, and r is the 
position vector in the WGS-84 system. 
 
The Body Frame 
 
The definition of the body frame is normally based on the 
vehicle platform and centre line.  The y-axis is selected to 
be the vehicle's centre line lying in the plane of the vehicle 
platform.  The x-axis is perpendicular to the centre line 
pointing to the right hand side and also lying in the plane 
of the vehicle platform.  The z-axis then forms a right-
handed coordinate system with the x and y axes.  The 
vehicle's attitude components are then the rotation angles 
of the vehicle's platform system with respect to the local-
level coordinate system.  Yaw is the rotation angle about 
the z-axis, count-clockwise positive.  Pitch is the rotation 
angle about the rotated x-axis, upward positive.  Roll is 
the rotation angle about the rotated y-axis, left-side up 
positive. 
 
Without losing generality, the body frame can be defined 
by the GPS antennas.  If two antennas (Antenna 0 and 
Antenna 1) are set up on the central line of the vehicle.  
The rear antenna (Antenna 0) is chosen as the original and 
the direction from the Antenna 0 to the forward Antenna 1 
is defined as the y-axis.  The x-axis is chosen in the plane 
formed by Antennas 0, 1 and 2, as shown in Figure 1.   
 
 



 
 

Figure 1. Definition of the body frame  
 
 
The distances between the antennas can be precisely 
determined at an initialisation stage.  The coordinates in 
the body frame can be easily computed as: 
 
b

T

0
0 0 0= ;     (2) 

 
b d

T

1 01
0 0= ;    (3) 

 
b d d

T

2 02 02
0= sin cos! ! ;   (4) 

 

b b b bx y z
T

3 3 3 3= , , ,     (5) 
 
where  
 

! =
+ "#

$
%
%

&

'
(
(

"
cos

1 01

2

02

2

12

2

01 022

d d d

d d
    (6) 

 

( ) ( )b d d d dy3 03
2

13
2

01
2

012, = ! +    (7) 
 

( )b d d b b dx y y3 03
2

23
2

3
2

3 02

2

, , , sin= ! ! + ! +
"
#$ %

 
 ) ( )+ ( cos ) cosd d02

2
022! !   (8) 

 

b d b bz x y3 03
2

3
2

3
2

, , ,= ± ! !     (9) 
 
The sign of the left side of equation (9) can be determined 
by some other way, such as an initialisation procedure.  If 
Antennas 0 and 1 cannot be set up on the central line and 
the plane formed by Antennas 0, 1 and 2 is not exactly 
parallel to the vehicle board plane, appropriate calibration 
parameters can be determined during the initialisation step, 
and then used to correct the rotation parameters. 

 
The Relationship Between the Body Frame and 
the Local-Level Frame 
 
The relationship between the body frame and the local-
level frame can be defined by the attitude parameters, such 
as yaw (! y), pitch ( ! p) and roll ( ! r ): 
 
b R R R ur p y= 2 1 3( ) ( ) ( )! ! !    (10) 
 
or, 
 
u R R R bT

y
T

p
T

r= 3 1 2( ) ( ) ( )! ! !    (11) 
 
where b is the position vector in the body frame, and r is 
the position vector in the local-level coordinate system.  
 
 
PSEUDO-RANGE POSITIONING WITH  
CONSTRAINTS 
 
For an instantaneous ambiguity resolution procedure, the 
initial coordinates can only be derived from pseudo-range 
observations.  For attitude determination purposes, other 
constraints can be applied, such as the distances between 
antennas and the highly bounded attitude information for 
most applications (such as pitch and roll angles for land 
navigation), and gyro data if it is available.  It is a 
straightforward process to introduce distance constraints in 
the least squares estimation procedure.  But the distance 
constraints require the linearisation to be accurate.  
Because the distances are very short, the design matrix 
cannot be determined precisely, and the least squares 
process will diverge.  The algorithm for pseudo-range 
positioning with constraints has been developed in this 
paper.   
 
The baseline vectors in the local-level coordinate system 
derived from GPS pseudo-range observations are denoted 
as u

i
, i m= 1 2, , ,! , where m is the number of antennas 

minus one (the reference antenna is excluded).  The 
baseline vectors in the body frame are denoted as b

i
, 

which can be determined using the known baseline 
lengths.  Based on the relation between the two coordinate 
systems given in equation (11), the linearization form can 
be represented as follows if the initial attitude parameter 

! ! ! !0 0 0 0= y p r
T

 can be predicted from the last few 
epochs, or an initialisation procedure, or determined from 
the gyro data, with variance-covariance matrix D! 0

: 
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The least squares estimation equations can be derived: 
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The pseudo-range positioning results with constraints in 
the local-level system can be estimated from: 
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This algorithm makes use of all the information that is 
available, such as constant baseline length constraints, the 
predicted attitude angle information, and also the gyro data 
if it is available.  For example, the pitch and roll angles 
can be predicted with an accuracy of a few degrees or better 
for most of applications, the pseudo-range positioning 
needs only to determine the yaw angle and the accuracy 
will therefore be significantly improved.  The multipath 
effects can also be reduced by using this algorithm. 
 
 
INSTANTANEOUS AMBIGUITY RESOLUTION  

 
The results !u  and D

u! , derived from the pseudo-range 
positioning with constraints, are used as initial values to 
determine the ambiguities.  The double-differenced carrier 
phase observation equation in linear form can be written 
as: 
 
V B u L= !"      (22) 
 
where ( )L u= !"# $ !"% !  is the residual vector of carrier 
phase observations without removing integer ambiguities 
and using the initial coordinates !u ; !"# is the double-
differenced carrier phase observations.  The real-valued 
ambiguities can be derived directly (Han & Rizos, 1996): 
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and the variance-covariance matrix is: 
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where D!"#  is the variance-covariance matrix for the 
double-differenced carrier phase observations.  This matrix 
can be determined using the double-difference operator and 
an estimate of the standard deviations !

i
 for the one-way 

carrier phase observation from satellite i with elevation Ei  
(Han, 1996): 
 

( )! i is a a E E= " + " #0 1 0exp( / )    (26) 
 
where a

0
, a

1
 and E

0
 are approximated by constants, 

which may be experimentally determined for different kinds 
of GPS receivers.  Typical values for one-way carrier phase 
and pseudo-range observations are 0.3cm, 2.6cm and 20 
degrees, respectively for the Leica 399 and Ashtech Z12 
GPS receivers (Ibid, 1996).  The term s is a scale factor 
which can be determined from an analysis of real data 
under the assumption that it is the same for all carrier 
phase observations over a short time period. 
 
Based on the results derived above, the instantaneous 
ambiguity resolution procedure suggested by Han (1996) 
can be implemented to derive integer ambiguities N.  The 
carrier phase solution with fixed integer ambiguity can be 
obtained as: 
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with variance-covariance matrix: 
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ATTITUDE DETERMINATION  
 
Initial Values of Attitude Parameters 
 
The initial values of the attitude parameters can be 
determined by the direct method, which uses two baseline 
vectors, such as !u x y z

T

1 1 1 1=  and 

!u x y z
T

2 2 2 2=  (Lu, 1995): 
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then !u2 can be rotated two times as: 
 

! ( ) ( ) !" " " "u x y z R R u
T

p y2 1 1 1 1 3 2= = ! !   (31) 
 
and the roll can be derived as: 
 

( )! r z x= " "tan " "1
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This method uses two baseline vectors only.  More 
precisely, it uses two direction parameters from the first 
baseline and one direction parameter from the second 
baseline.  The biases affecting these three direction 
parameters will directly impact on the accuracy of the 
attitude parameters.  If more than two baseline vectors are 
available, different pairs of baseline vectors will derive 
different attitude solutions.  Multipath effects will also 
directly affect the attitude solution.  However, this method 
can provide good initial attitude solutions for the least 
squares procedure in the following step.   
 

Attitude Determination using the Least Squares 
Procedure  
 
The least squares procedure will use all baseline 
information to derive the three attitude parameters, by 
ensuring that the quadratic form of the residuals is a 
minimum.  Moreover, the least squares procedure can 
easily accommodate the constraints from the constant 
baseline lengths and data from other sensors.  Hence, the 
least squares procedure will reduce the error in the baseline 
vectors, especially due to multipath effects.  Although the 
multipath effect on a baseline will be a systematic bias 
between neighbouring epochs, it is a random feature for 
different baselines.  Hence the least squares estimation will 
have the affect of reducing the multipath effect. 
 
The methodology is almost identical to pseudo-range 
positioning with constraints, except that the pseudo-range 
derived baseline vectors are replaced by the carrier phase 
derived ones.     
 
 
EXPERIMENT  
 
An experiment was carried out on the 12 May 1997, along 
Foreshore Road, Sydney, using one Leica SR 399 and 
three SR 9500 receivers mounted on a car outputting data 
at a 1Hz rate.  Baseline separations were about one metre.  
An Andrew AutoGyro was placed approximately on the 
plane formed by Antennas 0, 1, and 2, and output data at a 
10 Hz rate.  GPS data was collected for about 25 minutes 
(due to the limitations of the 512 KB memory cards used 
in this experiment). 
 
Figure 2 shows the antenna and gyro configuration.  
Figure 3 is the trajectory travelled by the car.  A total of 3 
runs were carried out, in addition to having static data for 
the first 8 minutes and the last 3 minutes.  The number of 
satellites above 15 degrees in elevation was 7 for the first 5 
minutes, and then dropped to 6 for the remainder of the 
experiment. 

 
 
 

 
 

Figure 2.  Setup for GPS-based Attitude Determination on a Car 
 

 
Figure 3.  Trajectory of Travel (3 Runs) 

 
 

Although dual-frequency GPS data were collected, only the 
L1 pseudo-range and carrier phase observations were used 
for attitude determination.  At each epoch: 

 • the pseudo-range positioning using the baseline 
length constraints and the AutoGyro data was carried 
out, 

 • then using these results as initial values an 
instantaneous ambiguity resolution procedure was 
applied to resolve the integer ambiguities, and finally 

 • the attitude parameters yaw, pitch and roll were 
determined with the least squares estimation 
procedure, using GPS carrier phase data only. 

 
The results are illustrated in Figures 4, 5 and 6.  Table 1 
summarises the instantaneous ambiguity resolution 
results.  Row 1 is the total number of epochs; row 2 is the 
number of epochs for which the integer ambiguities can be 



resolved correctly; row 3 is the number of epochs for which 
the integer ambiguities were resolved incorrectly; row 4 is 
the number of epochs for which the ambiguity resolution 
cannot be performed.  In order to check whether the 
resolved ambiguities were correct or not, dual-frequency 
data were processed using the EPOCHTM software (Han, 
1996) to provide the true values.    
 
The accuracies of the derived attitude parameters was also 
analysed for the first 8 minutes static span.  The mean 
values and standard deviations are indicated in Table 2. 
 
 

Table 1. Instantaneous Ambiguity Resolution Results 
 

 Number Percentage 
Epoch Number 1407 100% 

Successful Ambiguity 
Resolution 

1392 98.9% 

Incorrect Ambiguity 
Resolution  

0 0 

Ambiguity Resolution 
Failed 

15 1.1% 

 
Table 2. Accuracy estimation of the attitude angles for 

static span 
 

Attitude Angles Mean (degree) StD (degree) 
Yaw 83.46 0.12 
Pitch -2.57 0.42 
Roll 2.54 0.52 

 
 
CONCLUDING REMARKS    
 
Pseudo-range positioning with constant baseline length 
constraints and gyro data can provide initial values 
accurate enough for instantaneous ambiguity resolution 
using single-frequency GPS data.   The least squares 
estimation procedure can be used to reduce errors, 
especially due to multipath, and hence does improve the 
attitude determination accuracy. 
 
Further research using airborne data is presently being 
undertaken with a view to removing the need for 
incorporation of gyro sensor data within the algorithm.  
Instantaneous ambiguity resolution is still expected to be 
achieved with high success rate.   
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APPENDIX: ROTATION MATRICES  
 
In a right-handed system, the rotation matrices 
corresponding to rotations about the x, y and z axes are: 
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