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Abstract 

Multipath effects on carrier phase measurements are the major error source for short 
baseline positioning scenarios. One type of data processing techniques that can be 
used to mitigate multipath effects, Least Mean Square (LMS) filters, is investigated in 
this paper. 
 
The strong correlation between two successive days’ multipath effects on carrier 
phases double-differenced (DD) data, due to the fact that the antennas are static and 
the surrounding environment is unchanged, is investigated. Based on this fact, the 
multipath effects can be extracted and removed by a LMS filter in order to achieve 
higher positioning accuracy. In this paper the performance of two LMS adaptive 
filters, the standard LMS adaptive filter and the variable length LMS (VLLMS) 
adaptive filter, are studied. This paper reports the results from an analysis of 
observation data collected in a short baseline experiment.  
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Introduction 

The multipath error in GPS carrier phase measurements is negligible compared to the 
multipath error on pseudorange measurements. As long as the multipath-to-direct ratio 
is less than or equal to unity and the delay-lock-loop maintains track on the 
correlation function of the direct path, the magnitude of the carrier phase error due to 
a single multipath signal is less than or equal to a quarter of the wavelength as a 
consequence of the multipath signal being orthogonal to the direct signal (Kaplan and 
Hegarty, 2006). However, the multipath error is still a major error source in the case 
of precise positioning, after the atmospheric delay effects and satellite orbit error are 
accounted for. 
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Multipath mitigation technologies or algorithms can be divided into three categories: 
antenna design, signal processing (or receiver design), and data processing. The 
widely-used choke ring antenna (Fillippov, 1998; Tranquilla, 1994), for example, can 
mitigate multipath signals from horizontal directions. Many signal processing 
technologies such as MET (Townsend and Fenton, 1994) and MEDLL (Van Nee, 
1994; Van Nee, 1992; Townsend, 2000) behave well when the multipath delay is more 
than 0.1chips. However, when the reflectors are higher than the antenna and the 
multipath delay is less than 0.1chips, data processing techniques are a better way to 
address the multipath problem. Many multipath mitigation data processing techniques 
have been developed by researchers. For instance, in Ge et al (2000) the Least Mean 
Square (LMS) adaptive filter was first applied for GPS multipath mitigation. However, 
this LMS filter had both fixed tap numbers and fixed step-size. In this paper an 
enhanced LMS filter with variable length, known as a VLLMS adaptive filter (Bilcu 
et al, 2002) is used to mitigate multipath effects in carrier phase observations.  
 

Multipath effects in carrier phase double-differenced 

(DD) data 
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Figure 1: Double-differenced GPS data on a baseline and the geometric relations 

 
Multipath effects on carrier phase can be calibrated using double-differenced (DD) 
data. Figure 1 shows the geometric relations of a single baseline. M and represent 

two antennas, while

n

p and represent two satellites. The carrier phase observation 

data of satellite  received by antenna 
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where: 

   is the receiver-measured satellite signal phase, i
jφ

iφ is the transmitted satellite signal phase, 

i
jN is the unknown integer number of carrier cycles, 

i
jMP is the phase error due to multipath effects, 

iτ  and jτ  are the associated satellite and receiver clock bias respectively, 

f is the carrier frequency, 
i
jβ is the phase error due to ionospheric delay, 

i
jδ is the phase errors due to tropospheric delay, and 

i
jσ is the phase error due to other sources (including noise). 

 
The carrier phase DD data associated with the two satellites and the two receiver 
antennas can be defined as: 
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With the formation of the DD, the receiver and satellite clock-biases are cancelled 

(Kaplan and Hegarty, 2006). The remaining components are a phase term ( φΔ ) 

representing the linear combination of carrier-phase measurements, the integer term 
( ) consisting of the combined unknown integer ambiguities, multipath effects 
combination (

NΔ
MPΔ ) and a system phase-noise term ( σΔ ) attributable primarily to 

receiver effects (Walsh, 1992). IΔ and TΔ are the combined ionospheric effects and 
tropospheric effects, respectively. In particular, 
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In order to calibrate multipath effects, the baseline between the two antennas should 
be comparatively short (Kaplan and Hegarty, 2006), in order that the ionospheric and 
tropospheric effects can be assumed to cancel. Then the multipath effect is the 
dominant error component in the DD. That means a short baseline scenario is required. 
In the short baseline scenario, the multipath effects on carrier phase measurements 
made to a certain satellite by a specific antenna can be studied if the followings 
conditions are satisfied:  



(a) One antenna (the “base antenna”) should be located in an open multipath-free area 
while the other (the “rover antenna”) is assumed to be multipath-effected; 

(b) During the observation period, a satellite with a high elevation is observable so 
that it could be considered as multipath-free, and serves as the “reference 
satellite”. 

(c) The two antennae are both static; 
 
With (a),(b)and equation (3), the multipath effects on DD data are equivalent to the 
multipath effects of the non-reference satellite of the rover receiver.  
 
With (c), the multipath effect on carrier phase at some epoch is correlated with the 
multipath effect at the same epoch of the next sidereal day due to the fact that the 
azimuth and elevation of the GPS satellites and the receiver-reflectors’ locations 
repeat every sidereal day (approximately four minutes shorter than a mean solar day), 
Therefore multipath effects can be removed from carrier phase data by making use of 
the correlation characteristics. Subsequently, the positioning calculation based on the 
modified observation data can achieve higher accuracy. 
 

The short-baseline experiment 

A short baseline experiment was carried out to investigate the multipath effects on 
carrier phase double-differenced data. The experiment involved a baseline 
approximately 200m in length, lasted for two successive days, and was carried out in 
Centennial Park in Sydney (Australia) (Figure 2). The base antenna was in an open, 
multipath-free playground area in Centennial Park (Figure 4) while the rover antenna 
was located near the Federal Pavilion in Centennial Park (Figure 3). The experiments 
were carried out from about 10:00am to 12:00pm (GMT+10), 10th and 11th, 
September 2008, when satellite PRN 18 reached its peak elevation. Two sets of Leica 
GX1230 GNSS receivers were used in this experiment. The rover antenna type was 
the Leica AX1202 and the base antenna was the Leica AT504.  
 
Figure 5 shows the elevations of five satellites visible during the experiments. There 
were also some others satellites in the sky at the same time but only these five were 
used for positioning. 
 



 
Figure 2: The short baseline experiment environment (from Google Earth). 

 
The carrier phase DD data associated with Rover and Base are shown in Figure 6, 
where the reference satellite is PRN18. In Figure 6, the first day’s data is from 
10:24:25 to 11:22:45 (GMT+10, sampled at 0.2Hz) while the second day’s data is four 
minutes earlier. The correlation between the two days’ L1 carrier phase DD data can 
be clearly seen and the correlated part is mainly due to multipath effects. In addition, 
the multipath effects on the first 300 samples of the first plot, and the multipath 
effects on the last 400 samples of the third plot, are worse than those for the same 
time period in the other three plots. The reason can be found in Figure 5, which shows 
that the elevations of satellites PRN6 and PRN16 are the lowest of the five satellites 
observed.  



 
Figure 3: Rover receiver in Centennial Park, Sydney. 

 

 
Figure 4: Base receiver in Centennial Park, Sydney. 
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Figure 5: Elevation angles of the satellites during the experiments. 
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Figure 6: L1 Carrier phase DD data involving Rover and Base receivers. 

 



The LMS adaptive filter 

Multipath mitigation using an LMS adaptive filter was first proposed by Ge (1999). 
The general configuration of the LMS adaptive filter is shown in Figure 7. The input 
signal can be represented as: 

)()()( nunxnr +=                                                (4) 

where  is the desired signal and  is the noise distortion. The three signals 

have the same vector length . Assume  is the reference signal. 
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In order to extract the desired signal from the input signal, ,  and 

should fulfill the following conditions (Ge et al, 2000): 

)(nx )(nu

)(nd

[ ]

[ ]

[ ] NknknundE

NknknunxE

NknkpknxndE

,...1,;0)()(

,...1,;0)()(

,...1,);()()(

==−

==−

==−

                                 (5) 

 
The multipath effects on pseudorange observations on a certain day can be written as 

Equation  (4), where x is the multipath effect sequence and  is noise. The 

multipath effect sequence for another day is then expressed as: 
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Where  and  have similar definitions as and . The four vector 

lengths are
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In this way the LMS filter can extract multipath effects from pseudorange 
observations. 
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Figure 7: LMS filter configuration. 

 

In Figure 7,  and  are the output of the filter and the estimation error 

respectively. The filter coefficients  with length M are controlled by an adaptive 

weight-control unit in which the least-mean-square algorithm has been introduced.  

 can be expressed as: 
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where μ is the step-size parameter; 1...,1,0 −= Mi  and 1...,1,0 −= Nn . So  

and  can be expressed as: 

)(ny

)(ne

∑
−

=

−=
1

0

)()()(
M

i
i inrnwny                                            (9) 

).()()( nyndne −=                                               (10) 

 

The filter length M and the step-size parameter μ  should be carefully chosen to 

make sure that the LMS algorithm converges rapidly and is stable. Haykin (2002) and 
Proakis (2001) discuss how to select the appropriate filter length and step-size 
parameter. 

 



The variable length LMS adaptive filter (VLLMS 

adaptive filter) 

The LMS filter can be applied very easily hence it has become very popular. However, 
almost all implementations known to the authors use some predefined values which 
do not change during the processing. Although there are some implementations of 
variable length LMS adaptive filters (see Pritzker and Feuer, 1991), their performance 
is not steady. 
 
In Bilcu et al (2002), another variable LMS adaptive filter was introduced whose 
configuration is illustrated in Figure 8: 
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Figure 8: VLLMS filter configuration. 

 
There are three parallel filters and each of them is the same as that in Figure 8. The 

length of these filters are , and . The three estimation errors , 

 and  are imported into a length control unit which computes some 

estimates of the Mean Square Error (MSE) for each filter and based on these estimates 
the updated filter lengths are generated. The algorithm can be summarised as follows: 
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2) For each k=1,2,…: 
a) Compute the output errors: 
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 Update the step-sizes: 
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acts as the statistic square error in this algorithm. It is shown in Bilcu et 

al (2002) that for an uncorrelated input signal which satisfies  

for , the following is valid: 

)(nr 0)]()([ =− knrnrE

jiji
MMorMMif

MMMif
MMMif

J
J

J
J

opt

opt

j

i

j

i

≠==
⎪
⎩

⎪
⎨

⎧

>>
<<<
<≤≥

==
∞

∞ ,3,2,1,3,2,1,
,1
,1
,1

21

12

21

)(
min

)(
min

)(

)(

( 18 ) 

when the following relation holds at each iteration: 
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where  is the steady-state MSE,  is the 

minimum steady-state MSE, and  is the filter length of the  filter and is 
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the optimum filter length. Hence in this new algorithm, Equation ( 15) guarantees the 
filter length having an optimum value. The second filter is the filter of interest in the 
sense that its coefficients vector will be the closest one to the Winner filter. 
 
Selecting an optimum L is very important for the algorithm. On the one hand L should 

be small enough in order to update )3,2,1( =imi

)3,2,1(

 quickly. On the other hand L should 

be large enough to ensure that =imi  is a sufficient statistic. However, 

unfortunately there is still no theoretical optimum value for L.  
 
Note that Equation ( 18) would not be valid if the input signal is correlated. However, 
for this application it can be assumed that the multipath effects sequence for carrier 
phase is random, i.e. uncorrelated.  

Multipath mitigation on position results 

The L1 carrier phase DD data are shown in Figure 6, and the L2 data has the similar 
characteristics (Figure 9). The lowest satellite introduces the worst multipath effects. 
 
As discussed in the last section, the correlated component between successive days’ 
carrier phase DD can be extracted using the LMS filter or VLLMS filter. There are 
two different filtering processes: forward filtering and backward filtering. Forward 
filtering means that GPS results on a given day are used to correct results on the 
following day while backward filtering has the inverse meaning (Ge et al, 2000). 
According to Liu (2008), forward filtering is better than backward filtering 
statistically, and the larger the time differenced between reference and input signals, 
the less effective the multipath mitigation will be. In this paper only forward filtering 
is used, and the reference signal and input signal are from two successive days. 
 
Figure 10 and Figure 11 show the carrier phase DD of satellites PRN06 and PRN16 
before and after filtering. Again, the reference satellite is PRN18. The carrier phase 
DD data of the first day (day1) acts as the reference signal while the data of the 
second day (day2) are the input signal (according to the definition of forward 
filtering). In these two figures, the filtering length (FL) of the LMS filter, the initial 
filtering length (IFL) and the statistical length L of the VLLMS filter are all one. Only 
the worst multipath affected parts of the two satellites are shown. From the statistical 
results in Table 1 and Table 2, the improvement in standard deviation of the carrier 



phase DD is up to 56.1%, and obviously the VLLMS performs better than the LMS 
filter.  
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Figure 9: L2 Carrier phase DD data involving Rover and Base receivers. 

 
Table 1: Standard deviation of carrier phase DD of PRN06 (m) 

PRN06 
Before 

multipath 
mitigation 

After 
multipath 
mitigation 

Improvement 

LMS filtering 0.00382 33.0% L1 
VLLMS filtering 

0.00570 
0.00257 54.9% 

LMS 
filtering 0.00531 24.4% L2 

VLLMS filtering 
0.00702 

0.00350 50.1% 
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Figure 10: Carrier phase DD of PRN06 before and after filtering. 
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Figure 11: Carrier phase DD of PRN16 before and after filtering. 
 

Table 2: Standard deviation of carrier phase DD of PRN16 (day2/day1) 

PRN06 
Before 

multipath 
mitigation(m) 

After 
multipath 

mitigation(m) 
Improvement 

LMS filtering 0.00369 27.4% L1 
VLLMS filtering 

0.00508 
0.00306 39.8% 

LMS 
filtering 0.00476 41.3% L2 

VLLMS filtering 
0.00811 

0.00356 56.1% 
 
The performance of the two classes of filters can also be analysed in the frequency 
domain. The correlation characteristics of multipath effects on day1 and day2 can be 
more clearly seen from their correlation vector’s FFT. From Figure 12, where the 

input signal  is the DD sequence from day1 and the reference signal  

represents the DD sequence from day2, it can be concluded that  and  are 

strongly correlated since the FFT of  is not “white”, where:  
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 are mainly concentrated in the spectrum range 0~0.01Hz. However, after 

filtering, the FFT of  is obviously smoother, which is to say  is more like 

white noise. Also,  of the VLLMS filter is “whiter” than the  of the LMS 

filter. As shown by Equation 
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are the multipath effects.  
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Figure 12: The correlation vector’s FFT between input/output signal and reference signal 

before and after filtering. 
 
Because the elevation of satellite PRN18 is much higher than satellite PRN06 and 
PRN16, the extracted multipath effects from the two set of DD data can be considered 
to be the multipath effects on the carrier phase data of satellite PRN 06 and PRN16. 
Also the assumption can be applied to the other two satellites: PRN15 and PRN22. 
Then after cancelling the multipath effects from the carrier phase of the four lower 
elevation satellites, the more accurate position results based on the 
multipath-mitigated carrier phase data are shown in Figure 13-Figure 15. Standard 
deviations of the three coordinate components and the 3-D results are shown in Table 
3. From these figures and statistical results, fluctuations that existed before multipath 
mitigation have been depressed, especially those in the z-coordinate component. The 
improvement using the VLLMS filter is greater than using the LMS filter,except for 
the y-coordinate component where the LMS filter performs marginally better (1.5%)  
than the VLLMS. About 26.3% of the multipath effects on the 3-D positioning can be 
reduced by using the VLLMS filter, while in the case of the LMS filter, this reduction 
is about 19.4%. 
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Figure 13: Position results of x-coordinate component from forward filtering (day2/day1). 
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Figure 14: Position results of y-coordinate component from forward filtering (day2/day1). 
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Figure 15: Position results of z-coordinate component from forward filtering (day2/day1). 

 
Table 3: Standard deviation of positioning results (day2/day1) 

 

Standard 
deviation 

Before 
multipath 

mitigation(m) 

After 
multipath 

mitigation(m) 
Improvement 

LMS 
filtering 0.00334 6.96% X 

 VLLMS 
filtering 

0.00359 
0.00319 11.1% 

LMS 
filtering 0.00342 14.5% 

Y 
VLLMS 
filtering 

0.00400 
0.00348 13% 

LMS 
filtering 0.00495 27.8% 

Z 
VLLMS 
filtering 

0.00686 
0.00477 30.5% 

LMS 
filtering 0.00435 19.4% 3-D 
VLLMS 

0.00540 
0.00398 26.3% 



filtering 
 

Concluding remarks 

In this paper the authors have introduced a multipath mitigation technique based on 
the VLLMS adaptive filter, and compared its performance with the LMS adaptive 
filter. Both two filters can extract the multipath effects in carrier phase measurements.  
 
There are three steps to applying the technique. The first step is deriving 
multipath-effects-dominated DD sequences. A short baseline scenario is necessary. 
The rover antenna should be set up in a multipath-affected area, while the base 
antenna should be located in a multipath-free area. During the experiment, a high 
elevation satellite is observed and serves as the reference satellite so that the multipath 
effects in the DD data can be considered as the multipath effects of measurements 
involving the non-reference satellite and the rover antenna. The second step is 
filtering the DD sequences using the adaptive filter to generate the multipath effects 
on carrier phase. The third step is removing the multipath effects from the one-way 
carrier phase measurements and generating more accurate position results.  
 
Experiment results show that the VLLMS filter performs better than the LMS filter, 
and up to about 26.3% of the multipath effects on the 3-D positioning can be reduced 
using the VLLMS filter.  
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