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ABSTRACT

Minimum Norm Quadratic Unbiased Estimation (MINQUE) is one of the commonly used methods for
the estimation of variance-covariance components. The MINQUE procedure has been successfully used
to estimate the variance-covariance components of GPS observations. However, the MINQUE
procedure is a big computational burden, and the requirement of having an equal number of variance-
covariance components in the estimation step is a major limitation. It is therefore difficult to implement
this procedure when the number of observed satellites has changed during an observation period. In this
paper, a simplified MINQUE procedure is proposed in which the computational load and time are
significantly reduced. The quality of the results obtained is similar to those from the rigorous procedure.
Furthermore, the effect of changing the number of satellites on the computations is effectively dealt
with.

INTRODUCTION

   GPS measurements are typically processed using the least-squares method. To obtain
reliable least-squares estimates, however, both the functional model and the stochastic
model must be adequately defined. The functional model describes the mathematical
relationship between the GPS observations and the unknown parameters, while the
stochastic model describes the statistics of the GPS observations (e.g., [7]; [11]). For
many surveying applications the functional model is nowadays sufficiently well
known. However, the definition of the stochastic model is still a challenging research
topic. It has been shown that GPS measurements have a heteroscedastic, space- and
time-correlated error structure [17]. Any mis-specifications in the stochastic model
may lead to unreliable results (e.g., [1], [2], [5], [13, [16], [17]). Many stochastic
modelling procedures, such as one based on the signal-to-noise ratio (SNR) model, or
a satellite elevation angle dependent model, or the MINQUE procedure, have recently
been proposed. [3] investigated possible weighting schemes for GPS carrier phase
observations and found that the SNR model and the satellite elevation angle dependent
model are almost numerically equivalent. In [12], a comparative study of two quality
indicators, the SNR and the satellite elevation angle, was carried out. This study
revealed that in some cases both the use of SNR and satellite elevation angle
information failed to reflect the reality of data quality. It is therefore appropriate to
investigate a rigorous method for constructing variance-covariance matrices of GPS
observations.
   A comprehensive review of some rigorous methods for estimating the variance
components can be found in [4]. Of these methods, the MINQUE procedure is one of
those most commonly used. This procedure was successfully introduced by [19] to
estimate the variance-covariance components of GPS observations. Moreover, the
reliability of the resolved ambiguities and the relative efficiency of baseline estimation
were shown to have been significantly improved through the use of the MINQUE
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approach. However, the computational burden of this technique is still a significant
limitation, as is the requirement to have an equal number of variance-covariance
components in the estimation step. The proposed procedure aims to reduce the
computational load and the memory usage, and to incorporate the effect of changes in
the number of satellites in the computation.
   The standard MINQUE method is first reviewed. The simplified procedure is then
derived and discussed in the subsequent section. Experimental results are presented
and discussed, followed by some concluding remarks.
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MINQUE PROCEDURE

In the following Gauss-Markov model with n measurements and t unknowns:

l = Ax + v (1)

          (2)

l and v are n×1 vectors of the measurements and residuals, respectively; A is the n×t
design matrix; x is the t×1 vector of the unknown parameters; θ1,θ2,… ,θk are the
variance-covariance components of the measurements to be estimated; k is the number
of variance-covariance components; and T1,T2,… ,Tk are the so-called accompanying
matrices (see [19], for more details). P is the weight matrix of the observations and C
is the variance-covariance matrix of the observations. According to [8] and [9],  a
minimum norm quadratic unbiased estimation of the linear function of θi (i = 1, 2,…,
k) , i.e., g1θ1 + g2θ2 +…+ gkθk , is the quadratic function lTMl if the matrix M is
determined by solving the following matrix trace minimum problem:

Tr{MCMC} = min (3)

Subject to

MA = 0, (4)

Tr{MTi} = gi (5)

where Tr{} is the trace operator of a matrix. Based on Equations (3), (4) and (5), the
variance-covariance components can be estimated as [10]:

    (6)

where the matrix S = {sij} with

sij = Tr{RTiRTj} (7)

and the vector q = {qi} with

qi = lTRTiRl   (8)

C = P−1 = θiTi
i =1

k

∑



and

R = PQvP  (9)

with Qv = [P-1 - A(ATPA)-1AT] being the adjusted residuals cofactor matrix.

R can also be expressed by a partitioned matrix:

R =           (10)

where m is the number of the observation epoch in a session.

Since the relationships between v and l are:

v = -QvPl           (11)

PQvPv =  -PQvPl = Pv            (12)

according to Equations (11) and (12), Equation (8) can be further written as:

qi = lTRTiRl = vTRTiRv = vTPTiPv            (13)

   It is noted from Equations (6), (7), (8) and (9) that the estimated variance-covariance
components depend on matrix C, which includes the variance-covariance components
themselves. Therefore, an iterative process must be performed. Initially, an a priori
value of θi is given by θi

0. With Equation (6), the initial estimate 1θ̂  is then obtained.

In the (j+1)th iteration, using the previous estimate jθ̂  as the a priori value, the new
estimate is:

(j = 0,1,2,…)            (14)

which is called the iterated MINQUE. If θ̂  converges, the limiting value of θ̂  will
satisfy the following equation:

           (15)

which can be further expressed as [10]:

(i = 1,2,…,k)            (16)

SIMPLIFIED MINQUE PROCEDURE

   It is noted from the above procedure that, when the MINQUE method is used in GPS
data processing, the storage of the matrix R may require a huge memory. In addition,
the computation relating to this matrix is extensive.
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   A simplification of the MINQUE procedure can be obtained by replacing the matrix
R in Equation (10) by a diagonal matrix R*. The matrix R* has a block-diagonal
structure and can be defined as:

R* =                                                (17)

   In this study, we concentrate on the computational efficiency of the estimation of the
variance-covariance matrix. Hence, it is assumed that the temporal correlations
between epochs are absent, the weight matrix P and the accompanying matrices Ti

have the following structures:

)( kPdiagP = , )...,,2,1( mk =           (18)

)( iki TdiagT = , )...,,2,1( mk =           (19)

where vu PP =  and jviu TT = , with mvu ....,2,1, = . Then, Equations (7) and (13) can

be simplified as:

sij = Tr{RTiRTj}= ∑
=

m

k
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)(            (20)
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   Table 1 reveals the advantage of using the matrix R* in the computation in terms of
memory usage. It is assumed that 6 satellites are tracked during the observation period,
and a 15-second sampling interval is used.

Table 1. Comparison of memory usage

Memory usage (kilobytes)Session length
(minutes) MINQUE procedure Simplified procedure

5 78.1 3.9
10 312.5 7.8
15 703.1 11.7
20 1250.0 15.6
25 1953.1 19.5
30 2812.5 23.4
35 3828.1 27.3
40 5000.0 31.3
45 6328.1 35.2
50 7812.5 39.1
55 9453.1 43.0
60 11250.0 46.9

   Clearly, from Table 1, the memory usage is substantially reduced with the
implementation of the simplified procedure. In addition, it is possible to easily handle
the change in the number of satellites during an observation period since the
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computation of Equation (20) can be done on an epoch-by-epoch basis. The reduction
in the computational time will be discussed in a subsequent section.
   Matlab-based GPS baseline processing software developed at The University of New
South Wales, Sydney, Australia, was used to process the data. The original Matlab
codes were downloaded from the Website given in [15]. The Matlab codes for the
implementation of the MINQUE and simplified MINQUE procedures can be found in
[14].

EXPERIMENTAL DATA

   To demonstrate the efficiency of the simplified MINQUE procedure, four GPS static
baseline data sets have been analysed. The details of the four data sets are presented in
Table 2.

Table 2. Details of the four experimental data sets

Receivers Ashtech Z-XII NovAtel
Millennium

Leica system 300 Trimble 4000SSE

Baseline length (m) 215 15 870 13,300
Survey date June 7, 1999 July 10, 2000 Nov 18, 1996 Dec 18, 1996
Satellites 02,07,10,13,19,27 02,08,11,13,27 04,14,18,19,24,27,29 07,14,15,16,18,29
Elevation angle (°) 83,15,52,71,19,53 63,68,16,54,49 41,25,61,71,26,36,30 19,53,82,24,18,78
Data interval (sec) 15 15 15 15
Data span (min) 30 30 30 30

   All data sets were first processed using the whole data span to estimate the true
ambiguity values, which were then used to verify the correctness of the resolved
ambiguities from subsequent data processing. For the 200m baseline, both Ashtech
receivers were mounted on pillars that are part of a first-order terrestrial survey
network. The known baseline length between the two pillars is 215.929 ± 0.001m. This
will be used as the ground truth to verify the accuracy of the results. For other
baselines (15m, 870m, and 13300m), the reference values derived from the whole data
span would be used to verify the accuracy of the results. Each data set was divided into
three sets of ten minutes. Three solutions for each data set were computed by applying
the standard stochastic modelling procedure (assuming that all observations have the
same weight and only mathematical correlation is taken into account in this stochastic
model), the rigorous procedure and the simplified procedure.

ANALYSIS OF RESULTS

   In ambiguity resolution, the difference between the best and second best ambiguity
combination is crucial for the ambiguity discrimination step. The F-ratio is commonly
used as the ambiguity discrimination statistic. The larger the F-ratio value, the more
reliable the ambiguity resolution. The critical value of the F-ratio is normally chosen to
be 2.0 (e.g. [6]). The ambiguity validation test can also be based on the newly
developed statistic W-ratio [18].  Similarly, the larger the W-ratio value, the more
reliable the ambiguity resolution. The statistics, F-ratio and W-ratio, obtained from the
data processing are shown in Figures 1 and 2. In both figures, each subplot represents a
receiver type, and each group of columns (I, II, III) represents the solution obtained
from an individual session. More details of the results obtained from the MINQUE
procedure can be found in [19].
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Fig 1  F-ratio value in ambiguity validation tests
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Fig 2  W -ratio value in ambiguity validation tests

   From Figures 1 and 2, the F-ratio and W-ratio values obtained from the rigorous
MINQUE and the simplified MINQUE procedures are larger compared to those from
the standard procedure. Clearly, the reliability of the resolved ambiguity set is
improved. It can also be seen that both the rigorous and the simplified procedures yield
very similar numerical results. In the case of the simplified procedure, a larger number
of iterations is required but the computational time is significantly reduced. This is due



to the omission of the computation of non-diagonal elements of the matrix R in
Equations (7) and (8). Table 3 summarises the performance of these procedures in
terms of computational time. It is also important to note that when the number of
observations is increased, the computational time is dramatically increased. This is
more so in the case of the rigorous MINQUE method.

Table 3. Comparison of computational time

Receiver and batch solution Computational time (seconds)
MINQUE procedure Simplified procedure

Ashtech (1) – 6 sats 511.37 28.00
Ashtech (2) – 6 sats 932.35 39.00
Ashtech (3) – 6 sats 887.59 36.46
NovAtel (1) –5 sats 152.30 5.13
NovAtel (2) –5 sats 194.27 6.34
NovAtel (3) –5 sats 114.65 3.91
Leica (1)     – 7 sats 664.73 27.30
Leica (2)     – 7 sats 1338.04 73.31
Leica (3)     – 7 sats 514.18 18.75
Trimble (1) – 6 sats 871.47 39.28
Trimble (2) – 6 sats 518.16 21.03
Trimble (3) – 6 sats 346.08 10.08

All solutions are computed using Matlab GPS baseline processing software developed at UNSW on a
PentiumII- 366MHz processor.

   In the case of the estimated baseline components, the results are compared with the
reference values. The differences between the estimated values and the reference
values are presented in Table 4. The results show that the rigorous and simplified
MINQUE procedures generally produce more reliable estimated baseline components
than the standard stochastic modelling procedure. It can also be seen that the simplified
MINQUE procedure produces results, which are essentially identical to those obtained
from the rigorous MINQUE method.



Table 4. The differences between estimated baseline lengths and the reference values

Baseline Method Session Difference in baseline
length (cm)

200m Standard I 0.3
(Ashtech) Procedure II 0.2

III 0.7
MINQUE I 0.1
Procedure II 0.1

III 0.2
Simplified I 0.1
Procedure II 0.1

III 0.2
15m Standard I 0.0

(NovAtel) Procedure II 0.0
III 0.0

MINQUE I 0.0
Procedure II 0.0

III -0.1
Simplified I 0.0
Procedure II 0.0

III -0.1
870m Standard I 0.0

(Leica) Procedure II 0.1
III -0.1

MINQUE I 0.3
Procedure II 0.1

III -0.1
Simplified I 0.3
Procedure II 0.1

III -0.1
13300m Standard I 0.8

(Trimble) Procedure II -0.1
III -0.7

MINQUE I 0.5
Procedure II -0.4

III -0.4
Simplified I 0.5
Procedure II -0.4

III -0.4

CONCLUSIONS

   The simplified procedure is shown to produce results that are close in quality to
those of the rigorous procedure. However, the computational time and the memory
requirements of the simplified procedure are much less than those in the case of the
rigorous procedure. Furthermore, the effect of a change in the number of satellites on
the computation is effectively dealt with.
   The simplified procedure assumes that there are no large systematic errors in the
observations. If large systematic errors exist in the measurements (i.e. E(v) ≠ 0),
temporal correlation will need to be taken into account before the simplified procedure
is applied. In addition, given a small number of observations, the variance-covariance
matrix of estimated baseline components may not be reliably estimated.
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