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ABSTRACT  
 
High precision GPS baseline calculation is feasible only 
when very precise carrier phase observations are 
available. Unfortunately these observations are often 
affected by systematic errors (such as multipath, 
ionospheric and tropospheric effects, orbit bias, etc). In 
this paper, a new EMD-Wavelet trend extraction model is 

presented and integrated into a baseline calculation model 
for systematic error mitigation. The pre-divided frequency 
of the wavelet transform seriously affects its ability to 
extract trends of an input signal. The Empirical Mode 
Decomposition (EMD) technique is a new signal 
processing method for analysing non-linear time series, 
which decomposes a time series into a finite and often 
small number of Intrinsic Mode Functions (IMFs). The 
decomposition procedure is adaptive and data-driven. The 
IMFs are stationary, which are more suitable for wavelet 
analysis. Therefore the merits of both the EMD and 
Wavelets can be combined for systematic error extraction 
in double-difference (DD) carrier phase observables. 
Initial results from processing a simulated, mixed, non-
linear signal also shows the advantages and disadvantages 
of EMD and Wavelets respectively. These are used to 
produce an improved EMD-Wavelet trend extraction 
methodology using the following process. Firstly, the 
non-linear series are decomposed into stationary IMFs 
and residual components. Secondly, the selected high 
frequency IMFs are de-noised with the wavelet model, 
and, finally, the EMD reconstruction gives the extracted 
system error series. Signal-to-noise ratio (SNR) and root 
mean square error (RMSE) are used to quantitatively 
evaluate the trend extraction effect. Based on the 
proposed trend extraction model, the baseline resolution 
procedure is shown and experimental results demonstrate: 
 

 EMD-Wavelet model is more suitable for systematic 
error extraction. 
 High frequency IMFs are identified using Standardized 
Empirical Mean (SEM) of fine-to-coarse EMD 
reconstruction. 
 Baseline calculation stability and the DD residual series 
are greatly improved with the proposed procedure. 

 
The proposed systematic error extraction model can even 
be applied to baselines with more complicated system 
errors (eg when the atmosphere is affected by strong 
sunspot activity) and other applications requiring similar 
time series analysis. 



INTRODUCTION  
 
Systematic errors are one of the most dominant factors 
inducing the failure of carrier phase-based high precision 
baseline solutions and their stability. There are many 
complicated factors causing systematic errors which are 
impossible to eliminate completely, including ionospheric 
and tropospheric errors, orbital errors, multipath and other 
unmodelled biases. Many methods have been employed to 
study the mitigation of the systematic errors for GPS 
baseline processing.  
 
Ionospheric and tropospheric error modelling has been 
intensively studies. Satirapod & Prapod (2005) 
investigated different tropospheric models and their effect 
on GPS baseline accuracy. Ionospheric error correction 
improvements of differential GPS for long baselines are 
presented in Mardian et al. (2003) and Hichem et al. 
(2006). The orbit bias is a baseline length dependent bias 
which can be minimized by Kalman filter modelling and 
carrier phase-difference modelling (Colombo et al, 1995; 
Han & Rizos, 1996). Multipath is another significant 
systematic error source. Finite impulse response (FIR) 
filters are tested with the limitation of dividing mixed 
multipath errors with the same frequency band (Han & 
Rizos, 1997; Satirapod & Rizos, 2005). Adaptive filter 
extraction and elimination of multipath is influenced by 
the difficulty in selecting the appropriate step-size 
parameter and the filter length, as investigated by 
Satirapod & Rizos (2005) and Ge et al. (2002). The 
effects of other unmodelled biases can also be mitigated 
to some extent with appropriate stochastic modelling. 
Wavelet noise reduction modelling is one of the most 
effective techniques for complex signal analysis. Recently 
it has been introduced into the field of GPS data 
processing for signal de-noising, outlier detection, bias 
separation and data compression (Satirapod & Rizos, 
2005; Collin & Warnant, 1995; Ogaja et al., 2001), as 
well as models introducing wavelets for multipath 
analysis and mitigation for baseline solutions (Han & 
Rizos, 2000; Satirapod & Rizos, 2005; Ge et al., 2002). 
 
Although wavelet transforms are suitable for noise 
reduction - in other words, for signal trend extraction - its 
pre-divided frequency feature limits its ability to 
decompose the signal into different frequencies. Tthe 
inherent characteristics of Empirical Mode 
Decomposition (EMD) is a new signal analysis technique 
(Huang et al., 1998) showing great promise for signal 
trend extraction. EMD techniques have already been 
successfully applied to several other scientific problems 
(Yu et al., 2005). It provides an adaptive representation of 
non-linear signals, which ensures the non-linear signal 
can be converted into an Intrinsic Mode Function (IMF) 
more easily for wavelet analysis. Based on EMD and the 
wavelet shrinkage noise reduction model, a new trend 
extraction model referred to as the EMD-Wavelet model 

is presented here. Non-linear series are decomposed into 
stationary IMFs and residual components, and then the 
selected high frequency IMFs are de-noised with the 
wavelet model. Finally, the EMD reconstruction gives the 
extracted system error series. Some evaluation standards 
for proving the effectiveness of the proposed 
methodology are also given. 
 
In this paper, DD systematic errors are isolated with the 
EMD-Wavelet model and integrated into the baseline 
computation for a higher accuracy baseline solution. 
Experimental results show improvements in reliability 
and the residual series of the baseline solution. 
 
THEORETIC BACKGROUND 
 
Empirical Mode Decomposition (EMD) 
 
An Intrinsic Mode Function (IMF) is defined as any 
function having the number of extrema and the number of 
zero-crossings equal (or differing at most by one), and 
also having symmetric envelopes defined by the local 
minima and maxima, respectively. By decomposing a 
given signal into different IMF components, the signal 

)(tx  can be expressed as (Huang et al., 1998): 
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Where )(timfi  denotes the ith IMF components 

constrained to be zero-mean and )(trn  stands for a 
residual “trend”. The Intrinsic Modes decision is based on 
automatic and adaptive (signal-dependent) time-variant 
filtering and their high vs. low frequency discrimination. 
It applies locally and corresponds in no way to a pre-
determined sub-band filtering (as, for example, in a 
wavelet transform). The effective algorithm of the EMD 
can be summarized as follows (Huang et al., 1998; Rilling 
et al., 2003; Coughlin & Tung, 2004; Yu et al., 2005): 
 
① Identify all extrema of )(tx , 

② Generate envelope )(min te (resp. )(max te ) by 
interpolating  between minima (or maxima), 
 

③ Calculate the mean value 

with 2/))()(()( maxmin tetetm += , 

④ Extract detail with )()()( tmtxtd −= , 

⑤ Iterate steps ① to ④ on )(td  until it is zero-mean 
according to some convergence criterion. The obtained 

)(td  is referred to as an IMF,  
⑥ Calculate )()()( timftxtm i−= , and 

⑦ Iterate step ①to ⑥ until IMF is not available. 



 
Further investigation of the algorithm is demonstrated 
below with regard to the multi-resolution standpoint. The 
IMF calculation operator and residual calculation operator 
are defined as ( )•imfF  and ( )•residualF , where the two 
operators are similar to high frequency and low frequency 
filters. Operator ( )•imfF  includes EMD decomposition 

steps from ①  to ⑤  with the view of obtaining high 
frequency component of the specific scale, ( )•residualF  

stands for step ⑥, that calculates the residual, the low 
frequency component of the corresponding scale is 
obtained. Then, the multi-solution structure is realized by 
decomposing the low frequency on a step-by-step basis. 
The decomposition formula from ith to (i+1)th is given 
by: 

 ( ))()(1 tmFtimf iimfi =+           （2） 

 ( ))()(1 tmFtm iresiduali =+         （3） 
and the reconstruction is expressed as: 
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Where, ( )•−

imfF 1  and ( )•−
residualF 1  denote the inverse 

operator of ( )•imfF  and ( )•residualF  respectively. 
 
Wavelet Shrinkage Noise Reduction Model 
 
“Waveshrink” uses orthogonal wavelets to decompose a 
given signal, and the obtained wavelet decomposition 
coefficients are shrunk by considering threshold rules 
based on the idea that only very few coefficients 
contribute to the signal, which is given by Donoho & 
Johnstone (1994) and Sardy et al. (2001): 
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Where +  means the value in brackets keeps the calculated 
value if it exceeds zero and remains zero otherwise. The 
focus is on soft-thresholding noise reduction in the 
proposed model. 
 
Quantity Evaluation 
 
In order to give a quantitative evaluation of the trend 
extraction effect, signal-to-noise ratio (SNR) and root 
mean-square error (RMSE) values (Han et al., 2002) are 
considered. SNR is given by: 
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RMSE is given by: 
 

( ) ( )[ ]∑ −=
n
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N

RMSE 2ˆ1                                             (7) 

 
Where ( )tx  stands for the original signal and ( )tx̂  is the 
de-noised signal. N  denotes the length of the signal. The 
higher SNR and the lower value of RMSE show better 
trend extraction results, which indicates that the estimated 
signal is more similar to the original signal. 
 
SIMULATION ANALYSIS AND A NEW MODEL 
 
In this section, the characteristics of EMD and wavelets 
using a simulated mixed signal will be explained. Based 
on this background information a new model effectively 
combining the merits of these two procedures will be 
proposed. In order to demonstrate the usefulness of the 
proposed model, the same signal used by Rilling et al. 
(2003), composed of both linear and non-linear 
oscillations (associated respectively with 1 sinusoid and 2 
triangular waveforms), is re-examined, with additional 
normally distributed random white noise with 

1.0=σ added (Figure 1). 
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Figure 1: The simulated mixed signal 
 
The EMD and wavelet transform were used to decompose 
the original simulated mixed signal and noise-included-
signal respectively, from which the EMD isolated three 
different signals successfully when applied to the original 
signal. In comparison, the wavelet transform realized a 
physically less meaningful decomposition except that the 
d1 detail scale demonstrated most of the high frequency 
triangular waveforms (Figures 2 and 3). From level2-
level3, all show the mixed frequency phenomenon. The 
two models are similar to other analysis models (such as 
the FIR filter, Fourier analysis models, etc), and all failed 
to isolate the signal thoroughly in noisy scenarios. The 
EMD isolated the high frequency sinusoid components 
and triangular waveforms, which seem to show less 
ability for high frequency trend extraction. Wavelet 
transforms cannot detect even one component of the 
mixed signal once there is noise (according to this 
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example). EMD’s superior ability for noise reduction is 
presented in Table 1. 
 
From the above analysis, it is speculated that the EMD is 
good at decomposing non-stationary and non-linear 
signals for trend extraction, especially for low frequency 
trends. The potential ability of wavelet transforms for 
trend extraction is limited because of its pre-divided 
frequency span, but it has good noise reduction ability. In 
order to make the best use of the merits of the two 
models, a EMD-Wavelet trend extraction model is 
developed, as shown in Figure 4. 
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          (b) 
Figure 2: EMD of the simulated signal ((a) Original 
mixed signal; (b) Mixed signal with random noise) 
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            (b) 
Figure 3: Wavelet decomposition of the simulated signal 
(‘Sym2’ wavelet and 4 levels, (a) Original mixed signal; 

(b) Mixed signal with random noise) 
 

The noise-included-signal )(tx   is firstly decomposed 
into ),2,1( niimfi L= , representing the IMFs of EMD 
results. High frequency IMFs are selected for wavelet 
noise reduction according to certain criteria, and the trend 
of the signal )(ˆ tx  (or the non-linear optimization 
estimation of the signal) is obtained with inverse EMD 
performance. 
 
 
 
 
 
 
 
 
 
 

Figure 4: The flowchart of the EMD-Wavelet trend 
extraction model 
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The proposed model is then applied to the simulated 
signal for trend extraction and the result is evaluated 
(Table 1). The noise-added series and the residual series 
of different signal trend extraction models are show in  
Figure 5. Larger SNR and lower RMSE of the wavelet 
model demonstrate a better trend extraction result than 
EMD alone. The EMD-Wavelet model gives the best 
trend extraction result according to the evaluation criteria. 
Visual comparison in the rectangular indicates the 
positive effect of the proposed model (Figure 5). The 
EMD-Wavelet model gives the most likely residuals to 
the true simulated residuals. 
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Figure 5: Comparison of residuals of different trend 

extraction models 
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Figure 6: Comparison of different models (upper row: 
simulated system error; second row: simulated noised 
systematic error including 0.05 cycle std; last three rows 
are wavelet, EMD, EMD-Wavelet trend extraction results 
respectively) 
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Figure 7: Residuals of different models 

 
For further analysis, four pairs of simulated DD system 
errors with respect to the practical experimental data are 
investigated (details of the experiment will be given in 
next section). A standard deviation of 0.05 cycle are 
added to this data and analyzed, and the trend extracted 
results are given in Figure 6. Only the analysis on the 
simulated PRN21-17 DD systematic errors are given here 
due to space limitations. The residual series of the three 
models are given in Figure 7. EMD results and wavelet 
trend extraction of imf1 are shown in Figures 8 and 9 
respectively. Table 1 gives the quantitative evaluation 
quantities for the different models, which shows that the 
EMD-Wavelet model has the highest SNR and lowest 
RMSE with respect to the four pairs of simulated DD 
series.  
 
EMD-WAVELET BASED PRECISE BASELINE 
SOLUTION 
 
Given that the double-difference observables are a non-
linear time series, the presented EMD-Wavelet based 
trend extraction model is applied to a GPS static baseline 
solution by first extracting the systematic errors 
(including multipath, receiver hardware noise, etc) from 
the DD observables. These are then eliminated from the  
DD carrier phase model equation and the baseline 
components are obtained as a result. The algorithm for the 
baseline solution is given in Figure 10 (at the end of this 
paper). 
 
Han & Rizos (2000) gave the DD multipath calculated 
equation for baselines. However, there are many other 
systematic errors that should be included in the model 
equation, such as receiver hardware errors, ionospheric 
and tropospheric errors when considering longer 
baselines. In this case, systematic errors can be 
represented as: 
 

iiiii vCNLMC ∆∇−∆∇+∆∇−∆∇=∆∇ λρ         (8) 
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Where ∆∇  is the double-differencing (DD) operator. 
i  indicates a certain frequency of signal (i=1 or 2 for GPS 
frequencies), iL∆∇ , ρ∆∇ stand for the DD carrier phase 

and pseudo-range observables respectively. iλ is the 

wavelength of the carrier phase and iN∆∇  denotes the 
DD integer ambiguity and should be estimated before the 
DD systematic error term iMC∆∇  is calculated. 

ivC∆∇ denotes the random noise that cannot be isolated 
from the DDs directly.  
 
The DD systematic errors mixed with phase noise series 
is generated according to equation (8). By pre-setting the 
parameters of the EMD and the Wavelet model, the 
extracted systematic error is then integrated into the DD 
observation equations for the baseline computation. 
Integer ambiguities are calculated using the LAMBDA 
algorithm and the reliability of the solutions are checked 
using a validation test. 
 

100 200 300 400 500 600 700 800 900 1000
-0.02

0

0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0

0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0

0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0

0.02

 

100 200 300 400 500 600 700 800 900 1000
-0.02

0

0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0

0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0

0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0

0.02

 
 
Figure 8:  EMD of simulated PRN21-17 DD systematic 
errors (from line 1 to line7 are IMF1 to IMF 7; last row 
shows residuals) 
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Figure 9: Trend and residuals of the IMF1 with the 
wavelet trend extraction model 

 
The data sets were obtained using a NovAtel GPS 
receiver from 3.12:00 to 3.32:00 on Dec. 5th, 2001 with a 
1s sampling span using 1024 epochs. PRN 21, PRN17, 
PRN3, PRN18 and PRN14 are observed simultaneously 
for the entire selected span, with the mean elevation angle 
of 61.0, 44.3, 43.5, 56.7 and 36.0 degrees respectively. 
The L1 band is used and PRN 21 with the highest mean 
elevation angle is selected as the reference satellite for 
double-difference time series generation. Figure 11 
illustrates the DD system error series obtained from the 
PRN21-17, PRN21-3, PRN21-18 and PRN21-14 satellite 
pairs. As a comparison, the DD zero baseline error series 
having no systematic errors for all four satellite pairs 
indicates stochastic errors only (Figure 12). 
 

Table 1:  Evaluation of different systematic error 
extraction models 

             algorithm 
System error WAVELET EMD EMD-

WAVELET 
SNR 30.5837 25.9927 31.2434 Simulated 

signal RMSE 0.1496 0.1882 0.1447 
SNR 19.5664 16.1841 21.8718 Simulated 

PRN21-17 RMSE 0.0055 0.0065 0.0049 
SNR 13.3100 12.6337 14.8897 Simulated 

PRN21-3 RMSE 0.0050 0.0052 0.0046 
SNR 17.7420 16.9673 18.8289 Simulated 

PRN21-18 RMSE 0.0049 0.0051 0.0046 
SNR 13.3100 12.6337 14.8897 Simulated 

PRN21-14 RMSE 0.0050 0.0052 0.0046 
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Figure 11: Baseline systematic error series 
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Figure 12: Zero baseline system error series 
Systematic Error Extraction 
 
For trend extraction of the systematic errors using the 
EMD-Wavelet model, the EMD of PRN21-17 is shown in 
Figure 13. The criterion for high frequency IMFs and low 
frequency IMFs discrimination is given below. Flandrin et 
al. (2004) suggests that the Standardized Empirical Mean 
(SEM) of the fine-to-coarse EMD reconstruction can be 
considered for the discrimination of high frequency and 
low frequency IMFs (Figure 14). Based on the case that 
the change point is 3 IMFs, each high frequency IMFs 
(from IMF1 to IMF3) is de-noised with a wavelet 
shrinkage noise reduction model, and then EMD 
reconstruction gives the extracted trend. Another three 
DD systematic trends are extracted with the same model 
(Figure 15), and the residuals are shown in Figure 16. The 
extracted trend is input into the DD observation equation 
for baseline calculation. The residual series shows an 
apparent random characteristic and most of the trend is 
removed. 
 

100 200 300 400 500 600 700 800 900 1000
-0.02

0
0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0
0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0
0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0
0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0
0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0
0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0
0.02

100 200 300 400 500 600 700 800 900 1000
-0.02

0
0.02

100 200 300 400 500 600 700 800 900 1000
-5
0
5

x 10-3

    
Figure 13: EMD of PRN21-17 DD series 
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Figure 14: Standardized Empirical Mean (SEM) of fine-
to-coarse EMD reconstruction 
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Figure 15: Extracted trend of systematic errors of PRN21-
17, PRN21-3, PRN21-18 and PRN21-14. 
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Figure 16:  Residuals of PRN21-17, PRN21-3 , PRN21-
18 and PRN21-14 
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Figure 17: Recalculation of the DD equation float solution 
residuals series after system error elimination 
 
Analysis of Improvement of Baseline and Ambiguity 
 
Table 2 summarizes the results before and after the 
application of the EMD-Wavelet model for trend 
isolation. The F-ratio and W-ratio tests of the ambiguity 
verify that the stability of the baseline is improved 
significantly. Figures 17 and 18 show the recalculated DD 
error series of the baseline float solution and fixed 
solution respectively, which demonstrate that the 
systematic errors have been eliminated. 
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Figure 18: Recalculation of the DD equation fixed 
solution residuals series after system error elimination 
 
The best and second-best ambiguity combination is 
significant for ambiguity discrimination. The F-ratio is 
usually chosen for comparison (e.g. Euler & Landau, 
1992), and the W-ratio (Wang et al., 1998) is also 
compared. Although the fixed solution shows little change 
before and after systematic error elimination, the float 
solutions are affected by systematic errors to a greater 
extent. After systematic error mitigation, the float 
solutions are closer to the fixed solution, and the stability 
indexes of the ambiguities are improved significantly. 
Recalculation of the DD equation float and fixed solution 
residuals shows obvious random distribution 
characteristics. Therefore, a conclusion that can be drawn 
from Table 2 and Figures 17 and 18 is that most 
systematic errors in the residual series have been detected 
and isolated by the proposed baseline calculation scheme, 
and the stability of the fixed solution has improved. 
 
CONCLUDING REMARKS 
 
In this paper the Empirical Mode Decomposition (EMD) 
and wavelet shrinkage noise reduction models have been 
briefly reviewed. The EMD-Wavelet trend extraction 
model is presented and analyzed with both simulated and 
real signal data. The proposed procedure using the EMD-
Wavelet model can eliminate trend effects in baseline 
solutions, and the example shows satisfying results. 
However, the model is still faced with the difficulty of 
parameter confirmation in some cases and more 
investigation is needed. 
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Figure 10: Flowchart of the baseline solution algorithm based on the EMD-Wavelet model 

 
Table 2: Baseline solution before and after applying the DD system error extraction algorithm 

 
Float solution(m) Fixed solution(m) F-ratio W-ratio Vector 

before after before after before after before after 
X 0.0905 0.1443 0.1499 0.1498 
y -9.1982 -9.1775 -9.1757 -9.1756 
z -6.6749 -6.6801 -6.6804 -6.6805 

10.78 22.03 99.71 146.57
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